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On the classical KMS boundary condition

G. GarravorTt (1)(*) AND E. VERBOVEN (1)

(*) Instituut voor Theoretische Fysica, Nijmegen
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Summary. — We discuss some properties of the classical KMS boundary condition
and find some sufficient conditions for its equivalence to the Kirkwood-Salsburg
equations.

1. — Introduction

The KMS boundary condition is an abstract equilibrium condition for quantum statis-
tical mechanics. If p is a state and A, B are two observables and a;(A) is the observable
into which A evolves in time ¢, the condition

(L1) p(AB) = p(B ains(A))

is supposed to characterize the equilibrium states at temperature T = 8~'. The observ-
ables a;z3(A) are a kind of “analytical continuation” of the observables a;(A).

We refrain here from explaining the exact meaning of the above formulae.(!) We
rather try to take the formal limit as i — 0. To do this let us write (1.1) as

AB — BA Aing — A
(1.2) M=) =p(B =)

and then use the well known classical limit prescription

AB - BA

(1.3) o — {4, B}

(*) On leave of absence from the University of Napoli. Permanent address: Istituto di Fisica
Teorica, Mostra d’Oltremare, Pad. 19, 80125 Napoli.

(") R. Haag, N. Hugenholtz and M. Winnink: Comm. Math. Phys., 5,215 (1967); D. Robinson:
Comm. Math. Phys., 7,337 (1969).
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where in the r.h.s. of (1.3) A and B represent classical observables and {-, -} denotes the
Poisson bracket.
Then (1.2) becomes

(1.4 o(14.B)) = p(B ) g
or, also,
(15 p({4,BY) = 3p(B {4, H)),

where H is the Hamiltonian of the classical system.

In this paper we shall not consider the < dynamical KMS conditiorn> (1.4) but only
the < static KMS condition> (1.5) and we shall examine its properties.

Of course our first task will be to give a rigorous meaning to (1.5): roughly p is
a probability measure on the phase space, A, B, H are functions on it and {-,-} is the
Poisson bracket.

Equation (1.5) has been known for a long time for some finite systems and its nicest
application can be found in ref.(?) where it is used to show the nonexistence of two
dimensional crystals.

2. — The classical observables

The configuration space consists in the sequences (p;, g;)3° where (p;,q;) € R? x R,
enjoying the <local finiteness> property: number of points in (ANUXq;) < +oo for all
finite cubes A C RY.

The above configuration space will be denoted H.

The elements of H will be denoted by X or (P, Q) or (p;, ;)5 or (x;)8°.

Let 4™ denote the set of the real functions f : H — R which can be described in
terms of a sequence {f(™}8° of k-times continuously differentiable < potentialss f(™) :
(]Rd X ]Rd)m — R which are bounded, symmetric, have compact support in the second
variable and vanish for all but finitely many m’s. The form of f is

f(X) :f((piaqi)go) = f(mz)go = Z Z f(m)(milawizﬂ"'axim)'

m>0i1<...<im

The set 4*) is the set of k-times differentiable observables(*). If f,g € U) we define
{f.9} €U as

— (0f(X)9g(X) Of(X)Ig(X)
{f’g}(X):Z( d¢;  Opi  Opi Og )

=0

(?) R. Kubo,: Journ. Phys. Soc. Japan, 12, 570 (1957); N.D. Mermin: Journ. Math. Phys.,
8, 1061 (1967).
(*) D. Ruelle, Statistical Mechanics (New York, N.Y., 1969), p. 171.
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where 9/0q; 0/0p; means scalar product of the gradients.

3. — Smooth states

A state p (*) is a sequence {pa} of probability measures indexed by the open cubes
A of R* and defined on Hp = ©,(R? x A) which have the following properties:
(a) on (R x A)? the measure pj has the form

i dxy ...dz;
(3.1) pa(dzy ... dx;) =P§\)($1,---,Cﬂi)%a
where pff) (z1,-..,%;) is a symmetric measurable function.
(b)IEA' S A
m = mti dy; .. .dy;
3:2) G = Y [ P @1,y )
=0 yie]RdX(A’/A) 2.
(3.3) © A @rx) SCL[Talpl) i @i = (i)
i=1

where C), is a suitable constant and na (|p|) € Ly (R?).
(d) The bound (c) allows one to define

o
; dyy ... dy;
(34) pn(‘rla"'axn) = Z ps\m—H)(xla'"7xmay17"'7yi)1-7|
i=0 Y yi€ER? XA (3

where A is an arbitrary region such that z; € REx A, Vi=1,2,...,n.
The above functions are called the correlation functions of the state {pa}.
() There are £ > 0, n(|p|) € L1 (R?) such that

(3.5) pr(T1, .. @) <€ Hn(|pi|>,

and |pln(|p|) € Li (RY).
A state p is smooth if
(f) The correlation functions are once continuously differentiable and

0pn 2
< n ;
e < o TTuloi,

v i=1

(3.6)

(*) D. Ruelle, Statistical Mechanics (New York, N.Y., 1969), p. 170.
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Opn " -
(3.7) 'a%. < Co €™ [T n(lpil)

i=1
It can be shown that properties (a)-(e) allow one to define a probability measure p
on the Borel sets of H thought of as a topological space with the topology that confuses

configurations which differ only by the labeling and that makes all functions f € °
continuous (°).

Furthermore (*), U C Li(p) and if f(X) =Y o> o ci ™ (24,,...,2;,), then

dxla adxm

/H mZ:O 7« R? ' ! m!

If a smooth state p is such that

/pl pn(plaqla -+ -Pn, qn) dpl = 0: vnavqlap23 q3,---,Pn>qn;
we say that p is “flowless”.

4. — Formal Hamiltonians and Poisson brackets

If o € C?(R?) is an even rotation-invariant function on R? with compact support,
we define the following formal function on #:

(4.1) H(X):Z%+Zcp(qi—qj).

If A e is an observable we can define

Op;

2

It is easy to check that if A € YV, B € YY) then

{A,H} € Li(p) and B{A,H} € Li(p)

if p is a smooth state.

(®) D. Ruelle, Statistical Mechanics (New York, N.Y. 1969); p. 171.
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5. — The static KMS condition

Definition. Let p be a smooth state. We say that p is a static KMS state with respect
to the formal Hamiltonian (4.1), with parameter 3 if

(5.1) p({A,B}) = Bp(B{A,H}), VA Beu.

The hope is that the above KMS condition is equivalent to the condition that the state
p is a thermodynamic limit of a sequence of finite volume Gibbs stats with a suitable
sequence of boundary conditions (%)

Notice that for finite systems the KMS condition can be true for a Gibbs state only
for special boundary conditions or, alternatively, the H appearing in (5.1) should be
adapted to the particular boundary condition by addition of suitable “boundary terms”
(?). If the system is infinite we can hope that (5.1) describes all Gibbs states without
specification of the boundary conditions: the price that is paid for this nicer formulation
is that, in general, (5.1) will have more than one solution (in correspondence with the
different possible phases).

6. — KMS smooth states

Let p be a KMS smooth flowless state associated to the formal Hamiltonian (5.1).
The following theorem holds:

Theorem 1. The correlation functions p,(p1,q1,---,Pn,qn) are of the form
n o —Bpi/2
e 7
(61) p(wl,---,mn): (H d
i—1 V213

where x; = (pi, q;); and, if Wy, (g2, -, qn) = X1y (@1 — ¢:),

)ﬁn(ql,---,qn)

aﬁ(qla"'aqn) — _ﬁaWtI1(Q27"-aqn)~

aql 8(]1 p(‘]laaQn)
(6.2) o0(q1 —q')
—B/ B plai,- - an.q') dq'
R4 q1

i.e. if p is a smooth KMS state, it has a Mazwellian velocity and the position space
distributions obey the stationary BBGKY hierarchy.

The reader will have no trouble recognizing in (6.2) the stationary BBGKY hierarchy
for a “Maxwellian” family of correlation functions (7).

(°) O. Lanford and D. Ruelle: Comm. Math. Phys. 13, 1921 (1969); R. L. Dobrushin: Funct.
Anal. Appl. 2, 302 (1968).
(") G. Gallavotti: Nuovo Cimento, 57 B, 208 (1968).
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7. — KMS states and Gibbs states

The first to notice the equivalence of (6.2) with the Kirkwood-Salzburg (KS) equation
was Morrey in his remarkable (and almost unknown) paper () under assumptions (say)
of Euclidean invariance, low density and “strong” cluster properties.

We say that the smooth Maxwellian state p has strong cluster properties (?) if 3C' >
0, & > 0 such that the functions

P (a1, 42) =p(a1,q2) — pla1)p(qo)
(7.1) P (a1, 42, 43) =p(a1, @2, a3) — Plar, a3)p(a2) — plav, a2)p(as)
— plaz, g3)p(a1) + 2p(q1)p(q2)p(gs),

etc., are such that

(7.2) P (q1,q2) < Cmerlnan]

A Maxwellian state is said to have a £&-low density if it has the strong cluster property
(7.2) with parameters C, k and

(7.3) g, qn) <&, C,e " <E.
The meaning of “Euclidean invariant Maxwellian state” is self-explanatory. The fol-

lowing theorem holds:

Theorem 2. If an Euclidean invariant Mazwellian smooth state satisfies the stationary
BBGKY hierarchy (6.2) and if its density is E-low with & small enough then 3z = z(p) <
2¢ such that

. _ =~ [dyi...d
B, ) = ze BWq1<q2,...7pn)Z/ i = Yn |
h=0

h

H(e—ﬁtﬂ(’h—yi) - 1)5((]2’ <o dny Y1, - -7yh)a
i=1

(7.4)

and, viceversa, if z is small enough and @ is a stable potential, the Mazwellian state with
position correlation functions satisfying (7.4) is a KMS state (here p()) = 1).

In other words (10), if ¢ is small enough, the family of the correlation functions of an
invariant flowless Maxwellian KMS state is uniquely determined by the density p(q) and
defines a state which is the thermodynamic limit of finite volume Gibbs’ states.

(®) C.B. Morrey, Comm. Pure and Appl. Math., 8, 279 (1955).

(?) M. Duneau, D. Tagolnitzer and G. Soulliard: Comm. Math. Phys., 35, 307 (1974). Notice
that the truncation used in formula (7.2) can be easily established for low density systems along
the same lines.

(*°) D. Ruelle: Statistical Mechanics (New York, N.Y., 1969), p. 72, 93.



A: Proof of Morrey’s theorem 7

Proof. See (®), a self contained proof of the direct statement (essentially identical to
the one in (8)) is given in the Appendix: an independent proof of the converse statement
can be found in (7).

8. — Conclusions

We have investigated some properties of the static KMS boundary condition: the
discussion in this paper is outlined under some very strong assumptions. It would be
interesting to see which are the minimal assumptions under which the above results
can be obtained. There are several directions of research which would be of particular
interest:

1) How the smoothness conditions on ¢ could be released. For instance how to take
into account hard cores,

2) how the smoothness conditions on p could be released to obtain Theorem 2 and/or
Theorem 1.

Another line of research is to study the dynamical KMS condition and to use it to
imitate the stability theorem of ref. (}!): under some strong assumptions of clustering
and asymptotic Abelianess the analogous result of (%) has been proved (12).

X kX

We are grateful to M. Aizenman and S.S. Goldstein for stimulating discussions and
to M. Duneau and G. Souillard for pointing out an error in a first version.

It is a pleasure to thank, in particular, J. Lebowitz for constant encouragement and
important suggestions.

APPENDIX A.

Proof of Morrey’s theorem

We sketch the essential steps:
1) Assume

b) pn are Euclidean invariant;

c) pn are exponentially clustering, i.e.

|ﬁT(QI77Qn)| S (fC)”e:cp[—n|q1 - Qn”a

where C' > 0 and k£ > 0.
2) Solve (6.2) using the Wronskian method

(*')R. Haag, D. Kastler and E. Trych-Pohlmeyer: Comm. Math. Phys, 38, 173 (1974).
(*?) M. Aizenman, G. Gallavotti, S. Goldstein and J. Lebowitz: Comm. Math. Phys.: 48, 1
(1976).
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[ 6(Wq1(612’ ,lln) qu(llz’ ’lln))]

ql;- ,qn - p(q07q27---7qn))+

q1 —
/ g, / dy, ﬂ@a(h Y1)
qo q1

.e[ B( (QZ’ ’q") WQ1(QZ7 ’qn))]

p(q17Q27 "'7Qnay1)

where fqil dg; symbolically denotes integration along a straight line ogi connecting go

with ¢, and 8/8q; denotes differentiation along iqg ; qo is arbitrary.
3) Notice that by symmetry

q1 a —
/ dy: ﬂtpam 1)) p(@1y1)dq = 0.
R4 q

4) Combining 3) and 2), and interchanging the integrations we obtain

P(QLy eees @) = (e[fB(qu(qz,...,qn)quo (qz,...,qn))]p(qO,QZ, A

q1 _ 71 —
4 el =BWay (a250000)] dyl/ dan o( B@é()(lj y1))
R4 qo q1

p(@17q27 ERES) (Imyl) - p(@lyl)p(q27 ,qn))

. (e[BWal(Q27---7qn)]

5) Notice that the double integral in 4) is absolutely convergent, uniformly in gy by
our assumed cluster property and by finiteness of the range of ¢. Hence we can take the
limit as qo — oo:

P, e @) = pel 7 FWn (a2t oy g )+
q1 a _ =
+ el=BWar (a2,-50n)] dy1/ A (=Bo(@1 —y1))
R4 —00

oq
! (ewwa (qz,---,Qn)]p(qh qz, .- qn7y1) - p(q27 ey qn)p(quyl))

[Note added by GG: the symbol ff;o indicates that the point qo is sent to infinity on the
half line connecting q1 to —oo in the direction of the x-azxis (say). The integrals ff;o

here and in the following are intended performed alone such half line.]
6) Put

q1 —
7:/ dy1/ p(lj1y1) 5@6()(]_1 yl))dql,
R4 — 00 q1

and notice that by the assumed symmetry

T 9(— G
:/ dyl/ p(q1y1) ( &péq,l yl))d(ﬂ,
S(q1) —00 q1
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where S(q1) is the sphere with radius equal to the range of ¢ and centered in g;.
d d 1
[Note added by GG: it is v = —st(o) %p(q’,yl)aqw(q’ — 1), where wq is the

surface of the (d — 1)-dimensional unit ball ].
Also

Iyl < A€,

where A could be taken 3 [La|p(y)|dy if ¢ were a monotonic function of |¢| and, more
generally,

A< </ |<p(y)|dy> -2 ((number of times % changes sign) + 1) ;

for more complicated interactions A could be obviously bounded in terms of the integral
of |0,¢| and the range of the potential ¢.
N Ifz=p—7,|z| <&+ AE%, we find

p(ql’ . qn) = Z@[_BWM (‘127---7’171)]'0((]2’ - qn) + e{_BWtH (g2,--,qn)],

- / dy /q1 dalp(alq27 s Qns yl)e[ﬁwal (g2:--01)] a(_ﬂ(p(ql — yl)) ’
R4 —00 861

where the integrations are no longer interchangeable.
8) Iterating 7) N times we find

a dyi...d
P(Q1s s n) :ze[*ﬁwu(@v--’qn)]Z/ dys-.dyn
h=0 (Rd)h h'

h

. H(e[fﬁ‘p(ﬁhfyi)] — 1)p(q2, vy Qns Y1, 7yh)+
i=1

i
@ 7, IN

weroWaeead) [y [ [y [ g [ i [

R4 —00 R4 —0 R? -

N4l o _
. H {a_q(e[—ﬁw(qj—yj)] — 1)} .

j=1

BWan i1 (Q27---7Qn’y1’~~~7yN+1)]p(—

'6[ QN+17Q2a""7Qnay17"'7yN+1)a

and the above integrations cannot be interchanged.
9) The last integral can be bounded in a similar way as in 6), using the cluster
property, by
ZN&N

where A is a suitable number depending on 8, C, k,max ||, but not on £. So if £ is small
enough, the theorem follows by taking N — oo.
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APPENDIX B.

Proof of Theorem 1

The calculation is lengthy: therefore we introduce shorthand notations. An infinite
configuration will be X; if h, g are two observables, we shall write

g(X) =D (S),  mX)=Y n(s),

SCX SCX

where the sums run over the finite subconfigurations of X. Simple algebra leads to

= Z Whg(S)

SCX

{h,g}(X Z Dpg(S

SCX

where

Vo)=Y nRUV)YRUW),

RCS V,WCS/R

B y(S) =Y Z {MRUV),y(RUW)}

RCS V,WCS/R

We abbreviate RU S in RS. Put

/ dX = d:l?l d

The following well known combinatorial identity will be of great help:

/G F(T))dX = /dT1 dT> G(Ty Ty)F(Ty).
TCX
Then
(B.1) / hgdp = / (VW R)n(RV )y (RW)dRdV W,
(B:2) [thsgrdo= [ oW R RV, 2 (RIV) YRV aw,

If H(X) =,p;/2+X,; »(a; — ;) is a formal Hamiltonian, H(X) = T(X) + V(X),
we see using (B.1),(B.2) that
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on(RW
/ g{h,T}dp = / YRV)( Y % ;) p(RVW) dR AV dW.
q; ERW q]
When the sum runs over the positional coordinates of RW and p; is the velocity corre-
sponding to g;, 8 - pj means scalar product of p; with the gradient 8]
Also, if W, (ql, ..., q)) is also written W, (¢}, 0%, .., 4, D))

On(RW) oW, (RW)
{h,V}dp= [ v(RV) - (RVW)dRAV dW
/ ! ’ / ! [ qTGZRW ( 9pr 9ar )] g

_ On(BW/qope) Op(qr — o)
+ / (B ( q,;w o b ) o(RVIV)dRAV VY

ag ERW/(ar .pr)

with the natural meaning of the symbols.
So the condition p({h, g}) = B p(g{h, H}) becomes

/ p(VWR) {n(RW),v(RV)} dRAV dW =

- / (RV)( M -pr)p(VWR) dRAV dW +
qr GRW qr
(B.3) L3 / _On(RW) 0W,, (RW)
g ERW ap'r aq‘r

N ﬂ/ _On(RW/qops) 9p(ar — qo
,-GRW ap'r aqr

9g ERW/(ar,pr)

)p(VW R) dRAV dW +

) )p(VW R) dRAV dW

Choose 1 to be momentum independent; the arbitrariness of vy then implies

0_/2 > (- ap (TW) an(aRW) -8 > On(EW) -pp(TW))dW.

0
RCT q€R qERW a

Choose 7™ = 0 for m # 1; then W = () is the only term that contributes to the
integration (because p is flowless) and the above equation becomes

o™ (gr)
Jq,

(1)

opr Jq,

) =0

g €T

and the arbitrariness of (") implies

_Oppias - Pty @)
opi

Il
_

- BpipPi1q,---,peq) =0, Vi
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or
t —Bp3 /2
e i
(B4) p(plqh . aptaqt :H \/W) (QIa"'aqt)'
i=1

Choose next 7 to be momentum independent with support in A and ("™ = 0 except
when m = 1; choose 1) (pg) = ™ (p)xar-(q), where xa-(q) is a C*—function, positive
and < 1 such that xa1:(¢) =1if ¢ € A, xa1:(q) =0 if ¢ € A and (distance of g from
OA) > e.

We insert the above choices of n and v in (B.3) together with the relation (B.4);
e*Bp2/2
V2r/B
and T, R,V,W etc. denote now only positional configurations, we obtain the following
expression (for T' C A):

then we integrate by parts to free the n’s and +’s from derivatives. If G(p) =

- Z/ 3p (1)(pt)XA+s(Qt)G(pt)dpt =

teT

=+p Z/pt qt — q) A(Ta)n™ (pr)xa+< (00) G (pe)daudpi+

teT

+ 52/ ant ( 0™ (pe)xa+< (00) G (pe) daedpr,

teT

or, because of the arbitrariness of 7,

9 5 W (g2,---,q
a—p(ql""’qn):_ﬂp ql:---aqn) q1(62 n)
q1 @
(B.5) s
q —q
_/8/ qi,---,4n,q ) @61 dq
a1
It is easy to see that, this equation together with (B.4) implies p({h, }) = £ p(n{g, H})
under only the assumptions of C''~smoothness and uniform boundedness of p(qi, . - ., q,)

of the form |p(q1,...,q,)| < & for some £ > 0.
e RTASSUNTO

Si discutono alcune proprieta della condizione KMS classica e si trovano alcune con-
dizioni sufficienti per la sua equivalenza alle equazioni di Kirkwood-Salzburg.



