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Approximate symmetries
and their spontaneous breakdown
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ABSTRACT. — We propose a rigorous definition of approximate sym-
metry and of its spontaneous breakdown in connection with a phase tran-
sition. We show that this definition is of interest in the case of the Ising
model with a small three-spin perturbation.

1. INTRODUCTION

A big progres has been recently achieved in the theory of phase transitions
by the rigorous proof that the Ising model on v-dimensional square lattice
Z' (v = 2) with a formal Hamiltonian of the type

H(o) = -1J ;o,-aj—J’ E 60,0, — h ;ai (1.1

demneed Lmeed
{7 <injik> i

shows a phase transition at low temperature if J’ is small [7]. Here oisa

spin configuration, J > 0, 4 is the external field; 51 means the sum over
Led
iy

the couples of nearest neighbours sites i, j € Z*; means the sum over
Cingoky
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160 R. ESPOSITO AND G. GALLAVOTTI

the triples of sites in which two of them are nearest neighbours of the third
and lie on a triangle.

Actually the type of lattice and the form of the perturbation term could
be taken quite arbitrary, but we shall limit ourselves to the above choices,
and also tov = 2, to avoid uninteresting complications. Clearly, if | J’ |/J « 1
the above system is, in some sense « very close » to the usual Ising model
(J’ = 0), so that we expect it to show a phase transition which is « very
similar » to the one that takes place in the usual Ising model.

It is well known that the phase transition in the ordinary Ising model takes
placeat & = 0, and can be interpreted as a spontaneous breakdown of the
spin reversal symmetry shown by the Hamiltonian (see, for instance, ref. [2]);
other systems with a similar behaviour are described in ref. [3], [4]. It is
easy to see that if J' # 0 there is no value of 4 which gives rise to an inva-
riant Hamiltonian under spin reversal symmetry; still we would like to
interpret the phase transition associated with the above model, which we
shall denote with the simbol (J, J'), as a spontaneous breakdown of some
symmetry of H(o).

In this paper we investigate in what sense this can be really done. Our
aim is to propose some rigorous and « reasonable » definitions of « approxi-
mate symmetry » and of its spontaneous breakdown, and to show that the
phase transition of the model (J, J') can be interpreted as a spontaneous
breakdown of an approximate symmetry. The main idea underlying our
study is that, when a system is enclosed in a large enough box, only a very
limited number of « typical » configurations are possible (i. e. have non-
negligeable probability), and the typical configurations of each pure phase
are, in some sense, approximately symmetric of each other.

2. SOME NOTATIONS

Let A be a finite square box (centered at the origin); we denote by | A |
the number of sites in A; on each site i of A we put a spin 6; = + 1 and

define
Hj(o) = — JZaiaJ- Z G0y — hz g; 2.1
(i3 {iyjikd
where ¢ is a spin configuration in the box A (i. e. 0 = (g, ... 6}4)), and

the sums have the same interpretation as in (1.1) except that the labels are
restricted to be sites in A. We denote 9 A the set of sites on the boundary
of A; for each ie dA wedefinet; = + 1; let 7 be the set of such numbers.
Throughout this paper J will be considered fixed once and for all.

We consider the ensembles of spin configurations %°(A) = { spin confi-
gurations o in A such that o; = 7,if i € A} and consider the Boltzmann
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distribution over #*(A) with respect to the Hamiltonian (2.1). We shall then

define
e~ BHA(2)

E e~ PHA()

o’ eU*(A)

P A(0) = ce U (A) (2.2

and denote Z(t, A) the normalization factor in the above formula; here f is
the inverse of the temperature.
The correlation functions are defined, for x, ... x, € A, by

(O ovn O Den = Z P, Aa(0)(oy, ... 0)

g eUS(A)

Consider now a sequence { 7, } with { A} ordered by inclusion, and assume
that the limits

Og, om0y, ) =1im {0y, ... 0, Depa 2.3)
A—-©
exists for all x; ... x,eZ" alln=1, 2, ...; we consider only sequences

{ 74} such that the above limits exist and are invariant under simultaneous
translations of the lattice points x, . .. x,. We call such sequences « boundary
conditions ». The value of the limits may of course depend on the choice
of { EA} and, when necessary, we shall add further labels to the L. h. s. to
take this fact into account. In particular, if (1,); = + 1 Vie A for all A,
we shall use the label +, and if (z,); = — 1Vie A forall A we shall use
the label — (provided the limits exist). It is well-known that the existence of
the above limits (2.3) defines a probability measure x on the set of the
infinite spin configurations (i. e. on the space K of the sequence {0:}iezv):
this measure is, in some sense, the limit of the Boltzmann measures P, on
the finite volume configurations.

The o-field X of the sets of the space K of sequences { o, };;» over which
the measure turns out to be naturally defined is the one generated by the
sets of spin configurations of the form

Exx...x,.,ax!...ax” = { {oi }ieZ“J‘ 0';1 = o-xp RS ] O'_;n = o-xn}
forall x; ... x, € Z" and all values of 5,, _ 0, .

For convenience we extend it in the natural way to the o-field Z, which
contains also the sets which have outer y-measure 0. By our assumptions
the measure will be translationally invariant in the sense that if E €X,isa
measurable set of spin configurations,

WE) = W(T,E)  VieZ’

where T,E is the set of configurations obtained by a ¢ translation of the
configurations in E, i. e. g € T,E f exists ¢’ € E such that ¢, = o, VieZ"
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162 R. ESPOSITO AND G. GALLAVOTTI

In the language of ergodic theory the triple (K, g, T) forms a dynamical
system.

The spin configurations ¢ € %*(A) can be simply described by means of
the lines which separate neighbouring sites 7, j with o; = + 1, 6;=—1or
vice versa: we draw these lines as chains of unit segments each of which is
perpendicular to a bond (i, j) with opposite spins lying on its extremes. The
set of lines thus obtained will join into connected components, called con-
tours, A; ... A, 9y ...7 where A, ... 2 denote the open contours
and y; ... yx denote the closed contours. The name contour comes from
the geometrical appearence of the above lines which look like paths of self-
avoiding random walks (a contour may intersect itself, but at each of its
vertices always meet two or four segments belonging to the contour; the
open contours have two vertices, outside of A of course, into which an odd
number of lines meet).

The + or — boundary conditions are privileged in the above contour
description because the associated contours must necessarily be all closed.

We denote then a spin configuration g € %(A) by the set of its contours
Y1 -+ Yk A1 ... Ag; notice that different spin configurations correspond
to the same set of contours if we consider o € % *(A) or ceU ™ (A).

3. PHASE TRANSITION

In the case of the model (J, 0) it is known that, if 8 is large enough, the
limits (2.3) are unique (i. e. boundary conditions independent) if 4 # 0
(ref. [5]); if A = O the limits (2.3) exist for both the b. c. + and — and are
given in the general case by

Ogy oo 0y, 0 =0(0, ...0, Y+ (1 =)oy, ...0, > (3.1)
where 0 < « < 1 is independent on » and x, ... x, [6]; furthermore

(Op oo 0 > =(—1)"Co,, ...0, > <0, >+ #0[7. (3.2)
If B is small enough the above statements are also true (except { o, ), # 0),
but
(Op o0, >4 =(0,, ...0, >

The above facts are, as it is well known, interpreted as a description of a
phase transition.

Let us call P(l’), P the infinite volume Gibbs measures on K associated
to the Hamiltonian (2. 1) with J' = 0, where the b. c. is + or — and the
external field is 4. Then it is known that [1]]

PP=P®» if h#£0, and P,=PP#P?P=p_
if h = 0 and p large enough. Furthermore the spin reversal transformation

Y :K—>K definedby (¥Yo);,= —o0oVieZ
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is an automorphism of K such that
Y*PPE) =PPE) , h#0
VPOE) =PPE) , h=0

for all E € Zpm, where W* is the transformation induced by ¥ on the set
of the Gibbs measures, i. e. Y*(P"(E)) = P®(¥E). These results simply
reflect the fact that the formal Hamiltonian (1.1) is formally invariant if
0;— — o; when h = 0, and is changed to the formal Hamiltonian with — 4
in place of h otherwise. The above relations, together with the
result { g, ), 3 O for large p and & = 0, are usually referred as a sponta-
neous breakdown of the up-down symmetry of (1.1) and are considered as
a proof of the existence of a phase transition in the Ising model (J, 0) [Z]].
Generally one says that a model (J, J') shows a phase transition for a certain
value of 4 and B if there are two b. c. which in formula (2.3) give rise to
different limits.

4. APPROXIMATE DYNAMICAL SYMMETRIES

The main features of the above description of the phase transition in the
model (J, 0) which we shall retain are the following:

1) There is a transformation ¥ which acts on the space K of the infinite
spin configurations and which transforms Gibbs measures into Gibbs
measures.

2) An equilibrium measure P with h < h; is mapped by ¥* into an
equilibrium measure P*? with &' > h, (actually &' = — h; hy = 0).

3) PP = P® if h # hy (actually h, = 0).

4) The dynamical system (K, Zyc, T) and (K, Zys,, T) are isomorphic
(for h # hg we can omit the index ).

Since just very few spin configurations will be realized with non-zero
probability, we shall think that ¥ is defined P®-almost everywhere and
maps, in the measure theoretical sense P into P*".

We are thus led to the following definitions:

DEFINITION 1. — Given ¢ > 0 and two translationally invariant measures
on the spin configurations, u, p', we say that they are e-symmetric with
respect to the spin inversion if there is a square box A, such that for all
squares A > A, the following happens:

i) One can find two sets of configurations ¢, and %,, respectively u-and
#'-measurable such that

wE)>1-¢ , w(@)>1-¢
i) Thereisa measure preserving invertible mapping ¥, : (K, u) — X, 1)
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