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1. INTRODUCTION
We devote our attention to the following integral
1,n 2

Ly s

25 —ap

zwq§ .

In(g w) = f dgy -+ dgy, exp

and we show that

I(g, ) = I(0, w) exp :——wg —”(-%11)_2 . (1.2)

The above integral does not seem to be known except in the case n = 2.
The technique for the computation of (1.1) is quite interesting and relies
on some results on the spectrum of the operator

o2 1 Lo
FE) Z (xt x)2 + = Z w?x?, (1.3)

i#Aj =1

~ —h2 2
T L
where #2, g2, w? are positive constants.
This operator has been studied in Refs. [1] and [2], where it has been
shown to have a discrete spectrum, which has also been exactly described in
closed form.
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The knowledge of the spectrum of H allows to compute the quantity
Z = Trexp(—pH) = ZCXP( Bex) = f(w, & #, B)- (1.4)
A formal (see below) limit as # — O gives the result
}il_’I(I)l(21Tﬁ)" Tr exp(—BH)

= [ dpy -~ dpy dg, -+ dg,

'eXp[ (ZP’ 2212”(% G—ar 2 Zq’)]

i=1 i g=1

(1.5)

= ()7 - nee, .

The above formula is based on the mechanical interpretation of (1.3);
it is, in fact, the Hamiltonian of a quantum system of particles in one dimen-
sion. Therefore, (1.4) describes the statistical mechanics of the system and the
limit %# — O should describe the statistical mechanics of the corresponding
classical system; according to the correspondence rule the first equality in
(1.5) follows [3].

Since the problem of computing (1.4) from the explicity known energy
levels ¢, is easy, the real mathematical problems that have to be solved are
the ones connected with a rigorous proof of the limit relation (1.5). It is the
purpose of this paper to provide such a proof thus providing also a rigorous
proof of (1.2).

This paper is self-contained. In Section 2 we summarize into a more
mathematical language the known results on the spectrum of H. In Section 3
we find different representation for the trace (1.4) in terms of a Wiener
integral using the Feynman-Kac formula. Using this representation we
show, in Section 4, the limit relation (1.5), i.e., that the # — 0 limit is, indeed,
the classical limit.

In Section 5 we discuss a conjecture, so far unproved, on the system of
Hamiltonian equations

a2, d
dtq2 =¢ Z

. — 4; )3 wzqi ’ (1‘6)
which implies (1.2).

In Section 6 we list a number of integrals which follow from the knowledge
of the one in (1.1).
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2. THE OPERATOR H

We shall regard the formal operator (1.3) as a densely defined operator on

Ly(Rm).
Decompose the space Ly(R") into n! orthogonal subspaces labeled by the
permutations of n objects

LyR™) = @ Ly"(R"). 2.1)
P
The space L,P(R") is the space of the functions f € L, such that
f(%y 5y %) =0 unless  xp > - > xp (2.2)

where (P, ,..., P,) is the set into which (l,..., #) is permuted by P.
If e is the identity (as a permutation) let 23, C L,°(R") be the subspace
of the functions of the form

f(xl yreey xn) = ﬁ ﬁ (xz - xi)/\

i=1 j=i+1

P(x, -~ x,) exp (2.3)

n
- f z xzz
i=1

if %, > x, > *-* > x,, and f = 0 otherwise; here P(x, ,..., x,) is a symmetric
polynomial of arbitrary degree. The spaces 25, are similarly defined for all
the permutations.

On @, 27 ; we define the operator H, ; as

(H)\,ff) (xl 3oy xn)

_ 0 f(x1 Xp)
) gl %2 [ 1;] )2+ Zx ]f(xl %),
(2.4)

if x; 5= x; , 7 % j and otherwise
(Hy ¢ f) (g o0y %) = 0.
Lemma.  If X > £ the operator H, . is symmetric on D, . and
H, 25 . CLA(RM.

The condition A > 2 is necessary in order to be sure that f is in the domain
of the Laplace operator (notice the singularity of f when x; = x,). We leave
the easy proof to the reader.

Next one needs the following theorem which is due to Calogero and
Sutherland [1, 2]. Let

,'\:—;—(1+(1+—4§)”2), E—2 (2.5)
Then
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THEOREM If A > 3, the operators Hy; are essentially self-adjoint on the
domain Up 9{ 3 and
(1) Hjy g has a discrete spectrum
(2) the eigenvalues of Hj ; are of the form

=k Y ke D+ ™D 01 26)
i=1
The multiplicity of each eigenvalue is given by n! times the number of sets
(Ry s--.» k) of nonnegative integers (two sets are regarded as equal if they differ
by a permutation, e.g. (0, 0,0, 1, 3, 18) = (18,0, 1, 3, 0, 0)).
When X > 3 we shall call the self-adjoint extension of Hy ; simply H.

CoroLLARY. The operator exp — BH is a trace class operator and
Tr exp(—BH)

Bk Y e+ D], @7

i=1

Furthermore,

%ilgl(Znﬁ)" Tr exp(—BH)

n—1 27 \"
= exp g—ﬁwg i ) ) ; (ﬁw ) (2.8)

D T

i=1

= exp g—ﬁwg L";_ﬁg fexp
X dpy - dp, dgy -+ dg, .

The * in (2.7) remembers that the sum is over the set (&, ,..., &,,) of # non-
negative integers. The corollary is a simple consequence of (2.6), and its
proof is left to the reader; the theorem is proved in Appendix.

3. THE OPERATOR exp — BH

We now show that the kernel associated with exp(—BH) can be expressed
by means of a Wiener integral through the Feynman—Kac formula [4].

Let O be the space of the Brownian sample paths (6 from x to y, i.e., fis a
function from [0, 8] to R such that #(0) = «, §(8) = y). On @ we consider
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the Wiener measure (with fixed initial and final points) generated by gaussian
transition probability such that [4]

J Pusdt) = SR EZIPIERY )

We shall need only the following properties of the measure P, (df) [4]:

(1) P,, is concentrated on the continuous trajectories from x to y.

@ [d P,,(d6) < 2 exp

0¢ [x—8,2+8]

3) f dy f P, (d9) = 1.

_ %} . (3.2)

Using the above definitions the Feynman—Kac formula for the kernel
Ky = %, , 91~ ¥,) of the exp(—pBH), where H is the formal operator
(1.3), is given by

K%, %55 31" Yn)

— | (ﬁ P,‘,,‘(dé),-)) (33)

e" \i=1

X exp

g2 A dr w? & 8 2
—= e 02 dr} .
5Ll emouer T L

The above integral certainly exists (since the integrand is measurable
and <1); furthermore, it is easy to check that K, defines a semigroup on

Lp(R"), 1 < p < oo, through the formula

(Kof) (4 -+ %) = [ dyy - dy Koty = 30,20 90 f(0n 2 0) (3.4)
and [| Kglly < 1, [| Kgllo << 15 hence,
1Kl <1, 1<p<e. (3.5)

We shall now show that K is the kernel of the operator exp(—BH). Of
course, the problem we have to solve is wether the generator (if existing) of
the semigroup associated with K coincides with H; in fact, it might corre-
spond to a different self-adjoint operator associate to the formal operator H.

In this section, from now on, we restrict ourselves to the case n = 2 since
it already contains all the difficulties and the extension to the general case is
trivial. The results of the computations that follow are summarized in the
two lemmas below and in the theorem at the end of the section.
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Put (see (3.3))

vy, 0) =% f: E(T)—?BZ(T))? + f: (Or)? + O dr. (3.5)

We prove the following two lemmas,

LevMa 1. IfX > $ then for all f€ D5 ;

lirg [ s s [ Pu(@8) Pry (a0 SRV = g
2 2 (.6)
= — (—%* E—l—xg—)? + % (%2 + xzz)) S (1)

almost everywhere in (x, , %3).

LEMMA 2. If X > 3 then for all f € D; ; one can find a function g € Ly(R?)
such that the double integral in the limit relation (3.6) has a modulus not exceeding
(%, , x,) for all 0 < B << 1. In other words the convergence of the limit (3.6)
s not only almost everywhere convergence but it is also a dominated convergence.

Clearly the above two lemmas imply that the limit (3.6) takes place also
in the L, norm.

Proof of Lemma 1. Suppose x; # x5, say ¥, > %,. Assume
BB <3[% — %]

then the integral in (3.6) can be written

exp[—1V(6,0,)] — 1
fcs, g, g P80 Pr ) o dy, T2 =2 £33,

-+

same same
91¢s,1(31/3),ogcsmz(ﬁl/3>( )+ Llcszlmlla),ea¢sm2<31/3) (same)

(same), 3.7

6,05, (841%) 0,05, (81%)

where S, (8/7) is the interval [x; — B'/3, x; + B'7].
Since V' > 0 and the function f € 25 z has a maximum

M=r£g§:lf(y1,y2)l <
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we can use (3.2) to deduce that the sum of the last three integrals in (3.7) does
not exceed

2, B¥21 _ exp[—1/(2A%B13)] )
3M 5 2exp [— S5 ] = 12M s 0 (38)

hence, only the first integral survives in the limit 8 — 0. Since x; 5% x,
it is easy to deduce the statement of the lemma from the continuity of
f(172) and from the fact that, uniformly in 8, ,6,C .S, ('), one has

exp[— V(0,0 ~1 g 1
b B = ( 2 (% — %)

Proof of Lemma 2. Since f e 2; ; we can write

Lt ad) . (39)

Floy, w0 = | % — % ) exp [ — 57 (02 + 03], (3.10)

where ¢ is a polynomial in each sector of L,(R?).
We apply the Schwartz inequality to the integral in (3.6) assuming
dy, dy,P, , (d6) P, , (db;) as measure and

$(912) exp[—(w/4%) (31* + 357)]

and

PP gy — i expl—(lah) (32 + 5]

as function to be integrated; calling Is(x, , x,) the integral in (3.6) we, there-
fore, find

Ig(xy , 2x5)?
< [[ 18G50 exp [— 57 (362 + 3] @91 @92 Poyy (d81) Pr(d8)]

[ exp [ 57 (22 + 927 ( exP[*V(eé’ ) = | )2 | 31— 32 |12

X Py (d67) Py (d6) dy, dy,|
7 w 2 2
<M [ exp [— 37 (072 + 90| dy v Puyy,(d6) Pe (d6)] -1, (3.11)

where I is the integral in the second square bracket and

M = max | $(n ) exp [~ 57 (n* + 39 -
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The integral which multiplies 7 in (3.11) is a Gaussian integral and can be
performed exactly giving

1 s 1 s w
T (i P |~ o) g (wﬁﬁ/Z))g

(3.12)
D B 1 +(wh/2));
h (1 + (wh/2))
since B < 1.
Hence, all that remains to show is that I is uniformly bounded for
0<pg<l.
Proceeding as in (3.7), and (3.8) we find
<
6,CS, (B1/°/4),0,CS, (82/214) Py y, (dby) P,y (d0,)
exp[— V(6,0,)] — 1\2
% ( xp[ (ﬁl 2) ) | 91 — yo |28 (3.13)

w 4 1
 exp [— 57 (o +y22)] dy1 dyy + 3M, gz exp [— W] ,
where
M, = 131’3.:( |31 — 32 [P exp [_ 2% (»? +J’22)] .

Consider next only the first term I, in the left side of (3.13), the other
being manifestly bounded in 8.

We distinguish two cases | ¥, — %, | << 843 and | ¥ — ¥, | > BY/3; in the
first case, if A > 3

4 ooyt g 2 W o2 2 z M
I < g5 (2%)" (max |4%(3139) exp [— 5 (9% + 321 ) <M < 0,
(3.14)
where we have used the fact that the measure dy, dy,P, , (d0) P ,,(d0,) is
normalized upon integration of #,, 8, and y,, ¥, .
In the second case when | x, — x, | > B/

dyy dy, Py (d01) Poyy,(d0y)

L <
1) 0,Cs, (811314) 0,05, (81 4)

exp |~ o= xji Gy~ Bt (it o+ wt + -’i—’s)? -1

B
'(lxl“le +¥)25

X exp g mm ( x4 %/—3)2 + niin (xg + #)2)2}, (3.15)
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hence, if My(B) = (maximum of the integrand in (3.15) over (x, x,),
| % — x5 | > B*/®), we find, using again the normalization properties of the
measure,

I, < MyB) < M, (3.16)

since a straightforward calculation shows that My(B) is uniformly bounded
for 0 < 8 < 1 if A > 3. Therefore, Lemma 2 is proved by combining (3.14)
and (3.16).

From the above two lemmas we deduce the following theorem.

THEOREM. If A > 3 the semigroup generated by K, is strongly continuous
and coincides with the semigroup exp(—BH).

Proof. 1In fact if feD;; (we consider the case n = 2 for simplicity),

(&sf) (x1x73) — F(x1%y)

3.17
f dy1 dyy Poy (@0) Pry,(d8) exp[—V(616))] £(3132) — flxex,)
= 3 .
Using the normalization of the measure,
—V(6,8,)] — 1
[ @51 5 Per 00 Pryany SRL=ECN = L gy, )
(3.18)

+ f dy, dy, P,,,,(d6;) szyz(dog)fi(&&)_ﬁ;ﬂﬁ’fﬁ .

The preceding lemmas imply, as we have seen, that the first integral in
(3.18) converges in L,(R") to

~(~ g ety 3.19
(% — %) 5 % + %, )) J(31x,). (3.19)

Furthermore, since A > 3 > §, f is in the domain of the Laplacian, and,
therefore,

f dy, dy, P, (d0,) sz(doz)ﬁxl_&)_g_fl’ﬁﬁg)

= f dy, dy, exp[—((% — y1)°/ 2Bh21 ;h’;P[—‘((xz — ¥2)%[2BA%)]

% F(3192) ; S (23%5)
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tends, in Ly(R"), to
%

0%y

_ﬁ(azf

2 8x1+

) ().

Therefore, the operator Kj is strongly differentiable on the dense set
93¢, and its derivates on this domain coincides with —H. Since || K, || < 1
(see (3.5)) it follows that K has a generator and its generator is just —H:
K = exp(—BH).

4, Tue L1t % — 0

The kernel K, defined in (3.3) is clearly such that

Kﬁ(xl serey Xy s Yp seees yn) < KB(O)(xl siees Xy s V1 seees yn): (4-1)

where K‘® is the kernel obtained by setting g =0 in (3.3). Clearly K©),
by the Feynman—Kac formula for the harmonic oscillator, is the kernel of
the semigroup generated by the operator

n 62 2 N
,.Z 5z T -‘;— ; xf. (4.2)

This kernel is well known. We need its expression only when

1 e =Ky Ry

KB(O)(xl Xy Xyttt xn)

» o
=1l (1 — exp(—2Bwh))

exp (= 555 e |- (rretanon) =

It is easy to deduce from (4.1), (4.3), and the fact that K” is a trace class
operator (for B > 0) that Kj is a trace class operator and

(4.3)

2nhiyr Ty Ky = (2n#i)* Tr exp(—BH) = f dsy <o dxy Kg(®y o %, , %y 000 &p)e
(4.9
Notice (4.3) implies
Q)" K2 (g o %, g+ %)

4.5)
< B, w) exp[—cy(B, w) (3% + . + -+ + x,7)],
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with C,(8, w) < ©, Cy(B, w) << 0, and # independent. Furthermore, if
Xy = %, a computation identical to the one used to prove Lemma [ in Section 3
gives (using also (3.1))
’lii_)r(r)l(th)z Koy == % » ¥ *** V)
(4.6)

exp

Bg Bw? &
L g

1
= (Bl

hence, since the convergence in (4.6) is dominated by the right side of (4.5),
we deduce

lim(2r)" Tr exp(—BH)

{2V 1 Pl & s
= ((73*) ) f iy *+* i exp % Gr— %) 2 ; *
4.7
which is our main result and implies (1.2) as shown in Section 2.
5. A CONJECTURE
Consider for ¢, > g, > - > ¢, the classical Hamiltonian
. hid 1
H(p, q) = pi —}— &+ e I 5.1
(#,9) g qu 2;}.&'(%_%)2 (5.1)
and assume that there exists a canonical transformation
(Pr Pn> @1 n) (m " s @1 """ @)
such that »; > 0,
n
Hin ) = w Y, b+ “5-nn — 1), (5.2)
k=1

and the variables @, are “angles” (i.e., ¢; = @, + 2m).

Then, since the canonical transformations leave the Lebesgue measure
invariant,
dp, -+ dp, dgy -+ dg, exp[—BH(p, ¢)]

L1>Ga>‘ >y,

2 nin— 1)} (5.3)

= J.d")l s+ dny dpy + depy exp {— B Yk, —
k=1

= exp g-— %g—n(n — l)g ;,IT (-;—Z—)n,

which is the right result.
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The conjecture of the existence of a canonical transformation changing
(5.1) into (5.2) is verified, so far, only for n =2, 3.

6. OTHER INTEGRALS

Using Laplace transforms and the knowledge of

(@2, %) = [ (exp |- 2 i) dey - dsy,
f zz:#a (x, - xa)2 é b
6.1
and putting
vV ) = S X2
6.2)
h(Pl Pny¥ xn) = % Z Piz + V(xl e x,,),
=1
one can compute the following integrals
exp[«—BV(xl e X)]
f dxl dx" (V(xl P x")s b4 (6‘3)
eee exp[_"ﬁh(xl Xy P10 Pl
[ sy - dxy, dpy -+ dpn Ty 64
For instance,
1wy 1 T(s—n2) n(n — 1) /-
fR,. dary oo Ty (2) o I(s) (“’g 2 )
(6.5)
is valid for w > 0, g > 0, s > n/2. Also,
vee exp[—ﬁV(x1 “ xp)]
R (T 66

2 \7 v
= (——“) y~(Bs+n—2)/ags-(n/2) exp ['— ’i‘] W (_2s_ni9)/a.(~2s+n)/a

W

with y = Bwgn(n — 1)/2), s 20, >0, >0, g>0 and W,, are the
Whittaker functions.
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7. CONCLUDING REMARKS

It is natural to ask whether one really has to pass through the calculation of
Tr exp(—BH) and the limit as #— 0 to reach the results of the previous
sections.

It seems to us that a simply way of obtaining the resuits in question would
be intimately related both to a simpler way of deducing the spectrum of H
(which differs only by a constant from that of the case g = 0) and to a proof
of the conjecture discussed in Section 5. The extreme simplicity of the
spectrum of H makes one believe that there might be a simple group theoretic
structure behind the theory of the operator H.

APPENDIX

Assume ¢, > g, > - > ¢, and put

Mo a) = 2P g e - 55 ad . (A
i=1
where
Zz=1I1 11 (&%) A2)
i1 i1
Then a straightforward calculation gives

(HY) (41 "+ 9n)
= nok Az Dexp|— 23 g2 A3
neo (- + A2 0) gl gn) + 2P exp % L (A3)

k1

ht & 0P L oP M

x ~7,§1 2+ z kaq T2

-y (@) = (aP/aqk)); .

h#k gn — Gk

We choose
Prvenar = an) = S ([T 8o, (o () ),

where Hi(£) is a Hermite polynomial and S denotes symmetrization and
denote ¢4 ..., the corresponding element of 95 ; (see (A.1)).

409/44/3-10



674 GALLAVOTTI AND MARCHIORO

Using the equation
Hy — 2¢H, = —2kH,

and assuming ¢, > ¢, > - > ¢, , we find
(Hyy..r,) (91 40)

= ekl-ulc,.‘/‘lcl“-k,,(ql " Gn)

Oqn 0g,
(A4)

wn
mL e

=1

2
M K exp

: ¥ 1 . (3Pk1--.7c,, aPkl...k”) ’

ne G — Tk

where
i 1 Awh
€yener, = WH ki + =) +——n(n—1.
bt =0 Y, (ki ) + 55— 1)
Hence, if we put

Pk,---k,.(?l “ qn) = P qr o qn) + Z Chl---h,,Phl---h,,(ql " Gn)

e
Zh <Zk
=1
(A.5)
and using the fact that
€hyeatkg €h1-~-h” > wh >0
and the fact that
1 (aﬁkl...k” _ 6Pkl...k") (A.6)
i 9= 9k N 2 s
is a polynomial of degree at most equal to 37, k; — 2, it is easy to see that

the coefficients Cryoont, CANL be recursively determmed through the equation
obtained by equating to zero (A.6). The Pk ..k, obtained in this way are
eigenvectors of H if A > 3.

It is also clear that the polynomials Py ... x, can be expressed as finite linear
combinations of the new polynomials Pkl.--k,, . Hence, the completeness of
the Hermite polynomials can be easily used to deduce the completeness in
L*(R") of the functions ¥} ..; (g, ** ¢»)- The above constructions can be
repeated in the other sectors L, (R%).

The above remarks simultaneously prove the essential self-adjointens of H
on (Jp D% for A > § and the remaining statements of Theorem 1.
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