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Dynamics of a Local Perturbation in the XY Model.
|—Approach to Equilibrium

By D. B. Abraham§, E. Barouch*§, G. Gallavottit and A. Martin-Lof

The magnetisation and spin correlation functions of the X—Y model are analysed
exactly when the system is subjected to a local perturbation of the magnetic field
in the z-direction. When such a perturbation is removed, these quantities approach
their equilibrium values asymptotically as (time) ™'

1. Introduction

The XY model [1] is an example of a quantum-mechanical many-body system of
spins interacting in one dimension. Provided the interactions are restricted to
nearest neighbours, many equilibrium properties for the canonical ensemble may
be obtained exactly [1,2]. Recently, quantities have been investigated whose
time dependence arises in the following way: initially the system is described by
an equilibrium canonical density. The parameters of the system such as z-direction
magnetic field are subsequently allowed to vary in time, the system thereby
evolving according to the quantum-mechanical equations of motion. It is per-
tinent to inquire whether the system approaches a new equilibrium state under
such perturbations. It is known that for a homogeneous time-dependent field, the
magnetization in the same direction and the spin correlation functions approach
time-independent values which do not correspond to equilibrium at any tem-
perature [3]. Tjon [4] has studied the case when a time-dependent field is applied
to a boundary spin in the weak-coupling approximation. He found approach
to equilibrium as (time)~*. Girardeau [5] has performed a numerical study which
showed approach to equilibrium of the magnetization.

In this paper we obtain the exact time-dependent magnetization for any spin
inside a chain subjected to a local interior perturbation. We find that any spin
(in the isotropic case as well as the anisotropic case, with the exception of the
degenerate Ising limit) approaches equilibrium asymptotically as (time) ™.

Furthermore, for the isotropic case we show that all the correlation functions
approach their correct equilibrium values as (time) ™'
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2. Formulation

The Hamiltonian which describes the system under consideration is given by
H = Hy + hit)o;, (2.1)

where J#, is the usual X-Y Hamiltonian
1 M
Ay = 3 L1+ Nosones + (1 = Dhohe) (22)
1

The ¢* are Pauli spin operators, h(t) is the external magnetic field and y is the
measure of anisotropy. We choose cyclic boundary conditions so that

Ol i =205 (2.3)

For the relaxation problem, we have

h=0, t<0
h(r}={ (2.4)
0 >0

and the initial density operator is p = Z~ ' ¢ #* with Tr p = 1; this describes an
initial equilibrium with a heat bath at temperature f~'. The magnetization of the
nth site is given by

{oit)u = Tr(p e*%g% e~ 1¥0) (2.5)
and thermalization is said to occur if

lim lim {oi(t)yy, =0 (2.6)
t—2oc M=+
since the equilibrium spontaneous magnetisation for #, is known to be zero [2).
In (2.6) it is necessary to take the thermodynamic limit first in order to eliminate
Poincaré-cyclic behavior. Analogous definitions hold for the correlation functions.

3. The isotropic case

The case when y = 0 in (2.2) is non-trivial, since, although the total magnetisation
is a constant of the motion, we have

[#y, 03] # 0. 3.1)

The Hamiltonian #, can be brought to diagonal form by the following well-
known steps [1]:
1. Introduction of Fermi operators ¢}, by the Jordan-Wigner transformation

¢l = (% + ia;)ml:[ explin(o; + 1)/2]. (3.2)

n=1
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2. Spatial Fourier transformation, motivated by the symmetry introduced by
the cyclic boundary conditions. We define

M
al, = M~y eamet (3.3)
1

The nature of the transformation (3.2), coupled with the cyclic boundary con-
ditions, give the wavenumbers ¢ a rather bizarre dependence on the parity of M
and the parity of the fermion states on which J#, operates. The reader is assured
that this recondite point has no effect in the thermodynamic limit ; we shall there-
fore be rather cavalier about boundary conditions, assuming the g to be the M
roots of

g™ = | (3.4)

distinct modulo 2z, for all M.
The Hamiltonian is then given by

Ho = Eq + ), cosgdla,. (3.5
q
From (3.2) and (3.3) we have
5
l4+0i==7Y " Yalqg,. (3.6)
M=
Using (3.6), we obtain
,) i r "
ef’nt(l 4 o.:'l)e"ifn.l e z el'nlq'-q] ell‘lcuuq—a:nsq]a;aq._ (3.'”
M 44"

Since # becomes a quadratic form in the Fermi operators, it may be written in
diagonal form as

H =E, +Y izl (3.8)
7

where the «; are Fermi operators related to the a, by a transformation

11 = Z quﬂq (3.9)

q

with a suitable unitary matrix U.
Evaluation of the trace in (2.5) is now straightforward :

2 oo ;
{1+ G'i(f»u =A'_:f_ Z ellnla’ — ) +icosq—cosq')] Z U}!‘QUJ“-@E}%—} (3_]0)

4.4 i
where {aja;) is the Fermi occupation number given by
afoyy = (1 + )7L 3.1

The coefficients U, are determined by the eigenvalue problem

2h .
(h — cos q)U;, ==Y U, €449, (3.12)
M %
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There are two possibilities :
(i) 4; = cos g, for some g, which solves (3.4). Then

Z Uj, e im = () (3.13)
q
and
1 igm . — igm
Uyy= —?j{ﬁq_qoe gl o B ). (3.14)

There are approximately M/2 distinct solutions of this class.
(ii) 4; # cos q: in this case

Uj, = €"/N(4;)(4; — cos q) (3.15)

where the 4; are zeros of the function

2h
Fy)) =1——Y (A—cosg)™! (3.16)
M q
and the normalization constant N(4;) is given by
M GF
NP =Y 4 — R 17
IN(4))] ).,:( j — cosq) 2% 0 lyos, (3.17)

Graphical analysis of the function F(4) of (3.16) shows that there are approxim-
ately M/2 zeros. Thus we have all the solutions of (3.12).

Inserting the two different expressions for U, in (3.10) we obtain a sum of two
parts, one from 4;& (i) and one from ;e (ii). The latter can conveniently be re-
written as a contour integral, because by the residue theorem we have

Moo 1 B
2h ;5 N3 (A)(1 + e#)(4 — cosq)(4 — cosq)
2ni Je (1 + ") (A — cos @) (4 — cos @)Fp(4) ~ 4h (1 + €9 '

where C is a contour enclosing the zeros of F,,(/) but none of the poles of (I 4 /%)~ 1.
In this way we get:

1 +ai(t)) = Iy + Splt) (3.19)
with
2 1
e — .
w= qu e (3.20)
2h [ Gydd,n — m 0)GylA,m — n, —1t) .
= Fu(D(1 + ) . (3.21)
and
1 e—inq+:‘rcosq
Gl Y= —Y — :
alAs i t) M§{4 — (3.22)
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The limit of these expressions as M — oo can now easily be obtained:

1 i dg
R S e
i B 1 n e—inq+fi’unsqd 5
s By 1) = ). (—cosd) q (3.24)

F () =01 —=2nA%=1)""2)"1 with (2=1"2>0 for 4>0. (3.25)
So

2h [ G (An —m )G (Am—n, —1) .
Y= % S g 4 3.26
0= S ey AR
We have used the fact that
i dq 25 s
5 R e ;
2n J._ﬂ). — cos g i ) 27}

From these expressions it can be verified that
G (A nt) =012
and thus that
o)y, =0(™")  ast— w.

4. Correlation functions

In this section we investigate the approach to equilibrium of the correlation func-
tions for the isotropic Hamiltonian of (2.1) and (2.2). From (3.2) it is evident that any
correlation function can be written as the trace of a product of the spins operators
A, and iB,, collectively denoted I';, where

An = C:x Bt Cps Bn = C; — €y (41]
For instance the two-spin correlation functions are

Pon.n+ 1) =<{A,BA,..B...>

px,\;{”‘ n + r] = <Aan-‘ : An+an+r>

Pyplnn+r)= (B A, Apy) 4.2)
where for any operator K we define (K} by
Ky = Tr(e #* VK e~ "*%)/Tr e ¥ 4.3)

Since #°0 is a quadratic form in the fermions we may apply the Wick theorem
to the evaluation of the correlation functions, which are then expressed in terms of
the time-dependent contractions (I',I";> of the spinors I'; themselves. Using the
methods of section 3, the (I',I";> may be evaluated directly, giving

(A A =0t (4.4)
(A4,B,) = —<a,(t)) (4.5)

{A.B.\..>= ivrdq cos(gr) tanh(3f cos ¢) + f(n.n + r. 1) (4.6)
0
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where the first term of (4.6) 1s the equilibrium value of { 4,,B, . ,> for the Hamiltonian
H#,. The time-dependent part is given by

fln,n +r,1) = 1.—2h(A2 = 1)~ 42y

Z_h J‘ di (

ni Je F(A)(1 + efA)
o [ ’ J' J’ dq dg’ exp{ilg(n + r) — g'n + (cos g =0 g’}

2n) J_nd-z (4 — cos g)(4 — cos ¢') 4.7)

where the contour C does not surround the poles of (1 + ¢’#)~!. Using the analysis

of Section 3, f ~ ¢t~ '. Thus all correlation functions tend to their equilibrium
values.

5. Anisotropic case
In Section 3 we derived the magnetization for y = 0 in considerable detail. The
case for y # 0 is different in the sense that a Bogoliubov—Valatin transformation
of the a, is required to diagonalize #,. We rewrite (2.1) and (2.2) using the trans-
formation of Section 3 as

” = ZA&II:“* + 2hM_I Z b’tbk' (5-1}
k kK"

where we have taken n = M without loss of generality because of the translational
symmetry. In (5.1) we have

A =1—(1—-9y})sin*k (5.2)
and the «, are Fermi operators given by
b] = o] cos ¢, — a_, sin @,. (5.3)

The b, are given in terms of the a, of Section 3 by
b = e~ "4a,. (5.4)

The phase factor has been introduced to make the coefficients in (5.3) real. The
transformation angle ¢, is given modulo 7 by

cos 2¢, = A, ' cosk
sin 2¢, = —A; 'ysink. (5.5)
Notice that (5.3) is canonical, since ¢, is odd. Equation (5.1) can now be written

2h
H =Y Mlon + — ) cos(@y + byt
K M (%

h ; .

+ — 3 sin(@y — Pkl + 2y) (5.6)
M ekt

or
A=Y Ao + 3 ) (ofod + 040) By (5.7)
k' ko ke’
The matrices A and B may be written
A=E + 2hM ™' (lc)<c| = |sH<sl)
B =2hM ' (led><sl — Isd el (581
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with

By =0 (59)
The vectors |¢) and |s) which occur in the projectors are defined by

{kle) = cos ¢,

(klsy = sin ¢,. (5.10)

The relationship of (5.7) to the analysis of Section 3 is quite clear; in the latter,
the vectors |s) vanish, and |¢) {c| becomes the unit operator. It is useful to define

le> = le) — Is)
S>> =le> + Is> (5.11)
and the auxiliary matrices
X =(A - B)(A + B) = E* + 2hM (| f Y {e|lE + Ele>{f]) + 4h*M ~1|e> (e|)
Y= (A + B)(A — B) = E? + 2hkM " Y|eD{F|E + E|f>{el) + 4*M > LS.
(5.12)

We can now write # in diagonal form
H =Y Amin; + constant (5.13)
j
using the method described in [1] by performing a canonical transformation

k

The U, and V,, have to be chosen so that the quantities

xk{‘lj;l = V:rk T Ujk

W)=V — Uy, ' (5.15a)
are the normalized solutions of the eigenvalue equations

Xx(4)) = Aix(4))

i (5.15b)
Y4y = A;0(4)).
It is convenient to introduce some auxiliary functions:
- 2h i 2o 2h " =
043 = o gjfflnf - A = A—/!;eflf-f- - A
(5.16a)
) T .
= ﬁ?‘&f = Af) 1
| - o
8(45) = 37 LheAi] — AQ) (5.16b)
k
2y _ 2 5 s 2y-1 _ 2h 232 2y—1
al/;) = E&-;eﬁ\k[@ - Aj) =HZA,([AJ- —Af) (5.16¢)
k
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where we made use of the relation

‘i’k = _¢~k-

The function U(Af) and o{if) are not independent, and one finds from (5.16) the

relation

2h = —o(d}) + 120(4).
We again find two cases:
(i) 43 = y? sin? ¢ + cos? g.
This expression has a four-fold degeneracy in ¢. We have
Xild)) = X0y + X0y, _ g + XiOhs + X204 44
which gives rise to 2 equations with 4 unknowns, i.e. two solutions:
1 2 3 & __
Xy — X %, — X%, =0
SXe +fxh +ex] +exi=0
i L. Pl .
Yo =Ygt ¥y —¥=0
. 3 4
J fiy‘} #* fq-‘*’f =8 — €Yy = 0.
The two solutions to these equations are easily obtained as
L e )
A R dJgr g
fer i) e { :
L el oK
i :
(vh, y2, p3, 4 o 2ey. € fgo 1)
Vas VasVar Jg) €4
T I

and the U,,, V}, are determined by 5.15.
Case (ii) 47 # Af for all k.
By the method of the previous section we obtain
ity = { R, I

12 2 2 7]
A" B—2

where
2h
S = M ; fk—"cku;}
2h
Ri= H;{eﬁf,‘f\,‘ + 2hf)x,(4;)

and by the use of (5.16) we obtain the linear equations
R = (2h8 + g)R + (2hg + a)S
S =06R + g8
The condition for non-trivial solution, using relation (5.17) reads

(g — 1P —A%*=0.

(5.17)

(5.18)

(5.192)

(5.19b)

(5.20a)

(5.20b)

(5.21)

(5.22a)

(5.22b)

(5.23)

(5.24)
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So we have
(R) % (;"') (5.25)
S 1
where 4; is defined to have the same sign as (1 — g)f . Define
F(i) = —gU2) — A6(42) + 1. (5.26)
Then we obtain
x(x;) = (Aify + Aed(A2 — A}~ P! (5.27a)
Yld) = (G + AS)(@] — APy (5.27b)
and P} is given as
] (528)

Finally, the coefficients U, V;, are given by

e, =%
Ujp = = AkPJ (5.29a)
8
Viy = —2—P7 L, :
STy AkPJ (5.29b)

In order to compute the magnetization of nth spin at time ¢, when the mth spin
is initially magnetized we express | + a; in terms of the new Fermi operators
’?}s rj'_;

Using the same considerations as in Section 3, by the transformation (5.3) we
obtain

(1 + 7)) =2 Z '{_Akk'ijrf':'?j = Bkk’:‘j'?l'r!'} -+ Ckk’l‘j’ﬁ”} + Dn'.‘ﬂh’?;}- (5.30)
Kk i

When computing the expectation value of 1 + o] the last two terms do not

contribute and may be omitted. The coefficients A4,,.;. By,; are given by

Ay = QRK'TOU y Vir + Yk K rt)Vy Vi

+ p(kk'rt)U 3 Vi + p*(K', K rt)V Vi (5.31a)
and
Buwij = QKK r)Vy Vi + Wk, k', r, U, U
+ plk, ks r, )V U oo + pX(K' ko, OV Vi (5.31b)
We have
@(kk'rt) = explilk — k')r + [A(k) — A(K")]t)eey (5.31¢)
(kk'rt) = explitk — k') + [A(k) — A(K')])8,8, (5.31d)
and

plkk'rt) = exp(itk + k') + [A(k) + A(K)]t)e,s, (5.31e)
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To obtain the final answer we proceed same as before and divide (5.30) into
three terms. Let S(r) be again the time dependent term in (5.30). Taking the thermo-
dynamic limit and converting the sum into a contour integral, we have

@(kk'rt)e(k)e(k’)
JiA 1
= §F{;}4n .[.,‘J._,,J‘dkdk[” +e) ([A — AR — AK)]

L RO ok rt)ek)e(k’) p*(K'krt)s(k)e(k’)
[+ ARITA + AR T T = AGITA + AR T T+ ARIT: — AR
- {kk re)s(k)s(k’) Wkk're)e(k)e(k')
e A T AW — A T B+ AW + A
 pkK"re)s(k)e(k’) p*(k krtye(k)s(k’ )] (5.32)
[4 — Ak)][A + A(KY)] [4 + AK)][4 — A(K)] '

F(4) is given by (5.26), and in the thermodynamic limit by

dx(i + cos vc)

FiA)=1—— ;

4) ?I,(_H 22— Ax) (5:33)

The case of a constant magnetic field B applied to the system can be written down
as a simple generalization of (5.32). The Hamiltonian in question is

Ho =} {(1 + y)afots, + (1 — yajals, — Bai}. (3.34)

The result for the magnetization is given by (5.32) with each cos k being replaced
by cos k — B plus a time-independent term.

The leading term in the asymptotic series of S(t) for t ~ oo comes from the
neighborhood of (k, k) = (0,0), (x, n) so only the first term of (5.32) contributes
to the leading term in the asymptotic series.

Explicitly we have

di . | " ei[kr+,\(klr](,2(k]
SR — Bay—1 e s
) e {-xf_"dk = AK)
’ —l[k r+ ALk ]!]C (k}
X —f_ﬂdk —T=AA A (5.35)

where C is the same contour as in Section 3, with F(A) given by (5.33).
In (5.35) we use the definitions

A(k) = [y* sin® k + (cos k — B)*]'/? (5.36a)
a h ™ dx[A + (cos x — B)]
FOy=1-~ f e~ (5.36b)
cosk — B + A(k)]'?
= : 5.
c(k) I: AR ] (5.36¢)

Note that S(t) is again O(t™ ') for ¢ large and B # 1. Combining these results we
have for large ¢

Soi(n)y = if“dk M{cosk - B)+ 0@ (5.37)
2n J, A
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or in the limit

; 1 (*  tanh[3BA]
lim ) =—| dk——2"(cos
which is the equilibrium result [2].

It is interesting to note that S(t) approaches 0, in such a way, that the divisions
into regions that was found earlier [3] does not occur here. In other words,
S(t) ~ ¢t~ ! for large t, for all B # 1.

k — B) (6.38)
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