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Abstract: we interpret in terms of the Brownian motion
the boundary condition ou = ){u-nid‘(ﬂu) for the heat
2

equation in a polygonal region.

1.- Introduction

The purpose of this note is to explain from the point
of view of the Brownian motion the significance of the
“elastic” boundary condition dw = YW and the “sticky”
boundary condition duw 2.;..(&()-) and, more generally, of the
boundary condition oU = nuU +-i-3'(ﬂu-) for solutions of

J | : .
the heat equation — (A-u-) in a v-dimensional
5 Dt 2

open polygonal region D: here and below the symbol h) stands
for differentiation in the inward pointing direction per--
pendicular to the boundary B of D and % & are non nega-
tive continous functions on B

The “reflecting’ Brownian motion (W =620)is cons-
tructed from scratch in section 3 and its sample paths are

used to build the Prownian motion corresponding to U =

=7Lu.+-'ie'((.\-u—).

The correspondence is meant in the following sense:
the transition density of the Brownian motion is an ele-

mentary solution (1 e a Green’s function) of the problem:



ou | , '
a) p ; : 0
WY _._1_(&1.4.) n D ‘ﬁ"’t?
b) U = nw +3':o-(ﬂ,u,) om B ¥t>o0
Gy lfLECm(D), weC' (Du B YEso

d)lgradu(x.t)lﬁc{(d:sTance of x
{ra"m the "cor-nev«s")"-LC o Dv B', Vtxo
©) W (x,04+)=f(x) ;eC:(B), bfll, <o

where B 1s the part of B obtained consideringonly the (v -1 )-
dimensional faces of B (i.e . more precisely, excluding
from’B the corners in 2-dimensions. the corners and the
edges in 3-dimensions etc.). We shall refer to the set B-
B as the set of “corners’ of B

We shall prove a uniqueness theorem for problem (1~1)
for 6§ = © and D bounded however such a result holds also
if o##0and D is bounded but the broof will be given else-
where

We have tried to wri.te this paper keeping it reason-
ably self-contained and understandable to readers not fa-

miliar with the Brownian motion



In section 2 the basic definitions and propertiesof
the free Brownian motion are reviewed ‘this section also
contains some results which we need later. Most of them are
proved in appendix

In section 3 we construct the reflecting Brownian mo-
tion 1 e we solve problem (1,1) with ¥ =6 = ©

In section 4 we use the results of section 3 to deal

with the “elastic’ barrier (m % O 5, 6°=0)

In section 5 we prove the uniqueness theorem for the
elastic barrier problem in a bounded D We also compare
the solution obtained through the Brownian motion technique
with the one obtained using the usual variational method

In section 6 we construct the general Brownian motion.
i e we find a solution of problem (1.1).

The paper is written so that after reading section 2
(which can be skipped by the reader familiar with the
Brownian motion). one can go through the rest of the paper
without reading the proof of the theorems and still get a
clear idea of the phylosophy of the article. The philosophy
being to describe the considered boundary conditions in
terms of simple geometric operations on the sample pathsof
the free Brownian motion

We have not attempted at obtaining the best possible
results: the chief point being to explain the idea without
getting bogged down in te~hnical details

Our interest on the subject ha< been spurred by a



number of recent applications of the Brownian motion to

problems in Statistical mechanics. [1]

2. - The free Brownian motion

We list here the definitions and a number of proper-
ties of the free Brownian motion which will be the key for
the investigation of our problem.

First we remember the definition of the free Brownian
motion.

l:.et RY be the one point compactification of the v.di-

mensional space. Consider the product space:

(2.1) ﬂ: 'I—l I'.QV

LR

which 1s a compact in the product topology. The elements
of £ are paths tsw(bh) ,0t <o, The spalce C(n) of
the continous functions on fX is densely spanned by the
functions F(w) of the form F(W)sf(WLt.),...,w(tn))
where Dﬁtl C-tl"- TS Atn“-b" are n ‘“‘times’ and f(?i),_
- ?m) is a continous function on (l..{"}m,

We can define a regular measure P, (dw) on the Borel
field of X (through the Riesz representation theorem) by

means of the formula

(2.2)Jf (el Fleda) g g Yo, (R0

m
X

et
F(EseinBa) 45,041,



(x - y)?

< is the

where gt(v, V) = [‘,'1,1.’11'.)—i exp -
Gauss kernel.

It 1s possible to prove that R(de is a proba-
bility measure which is concentrated on the (measurable)
set of the continuous paths W € {1 such that w(0) = x,
(Wiener’'s theorem). [2]

It is also possible to prove that P, (dw) describes
“paths without memory’ in the precise sense that if F(w)
is a P, -measurable function which depends only on the
values of o(t)for 04 L € T and if G(w)is a P, -measur
able function which depends only on the values of wi(t)

for T AT then:

(2.3) (F; (dw) F(w)G(w):JE (dw) F{w),[ att}(dwlj G(wg ("‘)J
0 §9) 0

where the symbol w%u' means the trajectory which coin-
cides with w(t) for 02t&t and with o'(t-t) for
121t (observe that for the G we are considering,
G(ew Y w') depends only on w' ).

In fact the free, Brownian motion has a much stronger
“lack of memory”: let O < m(w)& o be a “hitting time’
for thé path co : i.e. let m (w)be the first time w
hits a given closed set [[cRY: m (w)= inf §t: w(lel"}
Then if ¥() 1is a measurable function which depends only
on the values of w(t) for t & m(w) (for all w ) and
if 6(w) 1is another measurable function which depends

only on the values of w(t) for T > Mlw) then [3]:
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w(m‘t(m])

EPx(dw)F(w)G(w):fPx(rjm)F(u)[ P (do)
o8

oo o

(2.4) -G(chJﬂ
m

where ﬂﬂziw:m(w)‘:*m}.

Property (2.4) called the “strong Markov property”
holds for a more general class of “Markov times’ m (w)
but we do not need here the more general formul ation. [3]

We now state in form of theorems other properties of

the free Brownian motion:

Theorem 1: let {(Y‘} be a Ca’~function on ]‘Qv
and " be a closed set in RV Consider the set Ac()
Az fwlwit) ¢, ¥ tso}

and the funection:

(2.5) uan:Jﬁ(ﬁdﬁwun
A

then w(x,t) 1is C_w around any point (%,t) with X at a

positive distance from [ and T>0 Furthemore w(x,0)
verifies in this region of (%, L) the heat equation with
{(F) as initial condition

Ju (x,t) =

(2.6) — E'.(Au.)(x,t) ; u(x, o+) =f(x)

finclly the gradient of w(x,t) can be bounded by

(2.7) lgrad ul £ C (dust.of xfromT]  c<o Y30

the proof of this theorem which shall sppear more or less
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obvious to the reader familiar with the Brownian motion.

1s in Appendix 1]

Theorem 2: (P.‘Levy)‘ Consider a l-dimensional free
Brouwnian motion and let x, € R* be a point and o € {) be
a path Let
(2.8) t (u.)t]:_[_ ‘MGaSUraiﬁi oﬁ-9£t,lw(9)—>\'lé£}
»E L€ ¢

2
then, for B, -almost all paths w ¢ {2 the following limit

extsts

(2.9) Exa(w’t) - lél-;“o Exm&(w’l)

and defines what is called the ' 'local time spent by w
in X,
For the proof the reader is referred to the literature
l4] however in Appendix 2 we give some arguments in the
hope to make (2.9) intuitive These arguments could in fact be turned
into a rigorous proof with some extra-work and at the same

time they provide an intuitive idea for why the theorem 3

below holds:

Theorem 3. Let {(?) be a C”-function on the com-

pactified positive semiaxis Let w>0¢ and define
| ' 5 s sty (w.t)
(2.10) k(5 E) s (de)tClew (D)) e
0
then w(x,t) regarded as a function of 20 verifies ‘he



heat equation on the positive semiaxis (with initial value

{-(f) ) together with the boundary condition:

¥ £tx0

(2.11) 3“] =X uw
b)‘ xzot

x=0t

finally the following theorem holds:

o :
Theorem 4: let f(F) be a (C -function on the conm-
pactified positive semiaxis. Define, for o 20O, the map-

ping Tﬁ_: ﬂ—PQ:

(2.19) (T e)(t) =w (O (1))

where @(t) is the inverse function of

t
(2.13) o (1) = turJ d_t_o(w,T)

=]

then the function:
(2.14) u.(x,t):JF; (dw)f{’(Tww)(.tv

verifies on the positive semiaxis the heat equation (with
initial value W (x, O+)={[x} )together wti th the boundary

condition:

(2.15) o (Au) Ytso

0X 'xoot
and this explains why (2.15) is called a sticky boundary

condition.

The proof of this theorem is sketched in Appendix 2,
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for a complete proof see [6].

Theorems 3 and 4 are well known from the theory of
the Brownian motion [5,6].

Remark Theorem 1 holds under more general assumpt-
ions which look, a priori, quite technical but that will
be needed later Therefore in Appendix 1 theorem 1 is in

fact proved in the form explained below

Denote bu: the path w:(U:w[t+5), oetenm
Given a function .F(uJ;t) suppose that there 1s an
open square Qx_.”:._ centered at a point X, € R" and with

side L >0 such that
1) if witeh
R

(2.16) L (e, 1) \F(w(t))

where \P(F, is a continuous function on Q"a . almost
L

oeT<t (1. e 1f ¢ stays in
*ak ) -

" up to t ) then:

everywhere differentiable with an essentially bounded
gradient, P is also supposed to be the integral of
its own gradient.

ii) if w(t)4 ﬂx,.., for some ? such that 07T & t et

m be the hitting time associated with J,Q“ . then

o’

(2.17) ty - ., =
-F(u) J { ( m ! m)

iii) f is uniformly bounded: S?EH(L‘J‘t),: u{;“m4m

then:
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Theorem 1’: the function defined }Qx B by :
o
(2.18) U (x,t’] : ](('w»tJ P* (Jw}
is N - differentiable in (x,t) for t>0 ; furthemore:
ou
ot o TR
= (% )_?{&u)(x;tj % &€ _QVD_L r>o

u(x,o+): tl‘)[x) % € }QK,,L

(2.19)
fu [1t}”w LC4w Cée?ehés ol ety Vand ”{”w

t
l grad u [me)} P _{_C_- c_'depenés DMJY oV, ”f”m) sup ‘?raéﬂ,l.

and s bovaded as | < 0.
Clearly theorem 1 contains theorem 1 as particular case.
The additional differentiability for [ = 0 follows from

the additional assumptions on f .

3.- Reflecting Brownian motion

We treat for simplicity and ease of illustration only
the case V=2: the results and methods are valid for V212,

Let D be a polygon with sides labelled 1,2,...,n. The
i1dea is to define a mapping TT_O_-? _Of whereﬁ4:oﬂ§u and
__[-) is the one-point compactification of D and to use this
mapplng to carry the measure F; (JWJ on £ into a measure
P:(AU-’) on ot . If the mapping T is conveniently de-
finied then the solution to problem (1.1) with¥®=6z0 will

be expressed as:

(3.1 w(x,t)z [Pwl(t) P (dw) z/lz(ﬁ,u(r)) P (dw)
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A -t 2 .
To define | let us first construct a covering K of

f}—! reflect repeatedly ﬁ- across 1ts sides, using every time
a side different from the one last used. each new reflect-
ion produces a copy (image) of the fundamental domain which
is labelled by a string of integers listing from left to
right the successive sides employed for reflection These
images are declared to be all different, so that one gets an
infinite sheeted covering K of fl- with one sheet associated
to each possible finite string of reflections Each - image
of D has n corners (resp sides) which, when regarded as
points of K will be called corners of K (resp sides of K),

Let x be a point on K-(corners) Let¢J) be a path in{l
that starts from x regarded as a point of the plane Sup-
pose thato) is a continuous path which never passes through
the denumerable set of the images of the corners (the nume-
rability of the set of images follows from the fact that
they are in correspondence with rationals in a base-n re-
presentation),

Let _Q.D be this subset of paths: since a Brownian mo-
tion never passes through a set of Newtonian capacity zero
[2), it follows that P (0 )= 14,

Since Ou'é_O.D is continuous we can call Ti the first
time that w, thought as walking on K, hits an image of a
side of D; the point where this side is hit cannot be a cor
ner because (u¢g QD and therefore we can define Tz>_i‘;. as

the first instant after T‘l when cu hits a new side (we still
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think of «w as walking on K); again the point of collision
cannot be a corner of K: so we can construct a sequence
Dé?]LTLéTEL... of successive instants. We can see that
Lim T = +m.Otherwise let T:_UW' _T,CW and observe that
L >0 1200 L =
the sequence of sides successively hit at the times I must
consist of images of only two out of n sides: for, ifthis
does not happen, the path must make jumps of finite lenght
in intervals of time.that are arbitrarily small; and for
the same reason, these images must all have a common cor-
ner Q to which w(TL) must tend as L -» 0o : since this
Q= w(T) would be the image of a corner under a finite
number of reflections this contradicts the assumption wénn'
As a consequence of the above argument it is possible
to think every path u.)éQDt,hat starts at x & K-(corners)
(in the sense explained above) as a path on o :os.-[?ch
Hence it is possible to define for each x & K-(corners) a
mapping TK‘. O."O.Kwhich is |l—)>(—s:ll||1ost: everywhere defined.
This mapping can be used to define a measure P:(cjw) over

®
ﬂk for x € K-(corners) as follows: if FeC(.Q) then by

definition:

(3. 3) F(w) Pj(&w}; F(Tﬁ,)Pwa) Fxe K-[Lomerr)

+
We can now define the mapping T+Q*Q using the na-
4
tural mapping of K on D: T  sends cwéf) into the natural
. K + = _'-K L1} H -
image (T c.u) on D of T w (the “natural” mapping denoted

by {a]*is of course the mapping obtained by folding back
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£ ¥ b
the images of D onto D): the mapping ] is [} -almost every-
where defined forX¢& D U(B-corners). In terms of measures

i L i +
the mapping Ttcarries P into a measure P‘ such that for

Fe C(OT): )

a0 [5 (e Pl [f o] / L) T,
1f ]Cecm[S) then the integral:

i - o + 8 o+

(3.4) u(x,t) = T’x (dew) Hw(t)): F; (éw){(cw) (1'))
is defined forx & ﬁ'{corners) and the second integral 1in
(3.4) makes sense also forxéK-(corners) and coincides

with the integral:

s K o Tk

(3.5)  Q (x,t)= [ﬁ ( w);(w(r))=/Px (dw) {7 w)LrJ)
where ]E‘()() is defined as the natural extension of { to K
(i & as the extension through successive reflections). It
is clear that the function "u'(x,tj is defined on K-(corners)
and is even in a perpendicular direction across any side of
K (because such is f ) and, therefore has a vanishing nor
mal derivative on the sides of K provided this derivative
exists and is continuous

An application of theorem 1' to the function F(W;’f):
f(('l_“w,)[“) provesthe infinite differentiability on
K-(corners) of ({ (X,{) and the fact that w(X,t) (i e the
restriction 0'_f ?,{I(x_, 1.') to D Il (B-corners)) is a solutionof

problem (1,1) with =0 = O,
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4. - Elastic barrier

We shall prove a generalization of theorem 4 for
v =2.The case V>2 1is as easy

Let us first define what we mean by local time dis-
tribution on a line /A Ea(u"t; CIE)

Let w be a two-dimensional path of a free Brownian
motion. Given a line /A we choose it as the 2-axis Let
w ;[wi ,wl)where w, and ) are the components of w
along the 1 and 2-axes: they are independent free ]l-dimen

sional Brownian motions

Let K[f) be a continuous function ofz é /'\ (here
as above and below a point on a set will denote 1its one
point compactification).

Let also to(u”t) be the local time function at X = ©
of the Brownian motion &, (see section 2). We can define

the measure i'_,‘ (LU’ t:dl‘-’) on A through the Riesz theorem

and the formul a:

(4. 1)[}((’?) (w,l;dF) fx(u(‘t))ét (w,,t)

this formul a makes sense for -almost all ¢o's (K e R)
since for Px-almnst all w's , _t'a[wl’t)exlst.s and is a

finite non-decreasing function of t so that Jet:
(4.2) l M (w (tydt, (w, 0| g, L (w,e)

The quantity J’ tA (w,‘tr;gf)will be called the local time
A
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spent on P A

To define the local time measure tB(th;df)over a
polygon B, boundary of a polygonal region D. we proceed as
follows: let «w € ) be a path which does not go through
the image of any of the corners of D Then we can define
the local time spent on B by following the path <« and by
adding the local times spent on the imagesof the sides of
D that are crossed as «w walks on the covering K of D
It is important to note that this local time function
is not the integral over the images of B of the local
time measure defined in (4,1) (observe also that these im-
ages form, in general a dense set),

It is easy to see that up to a time [ <®the trajec-
tory «w can cross only a finite number of different sides
and on each of them it can spend only a finite local time:
so we see that Es(w,t)éco almost always (See sect, 3),

It is now possible to define L Lw,t;d‘;') on Bthrough:
= ¥

t

(4. 2"}1( i:e(w}'[; d¥) )L(E];-‘J/K (w(t))dEB[w,T) xeC(B)
3 0

where X FJlS arbitrarily put equal to zero when ? 4» B .

Let us define for 1y e C(B), e o

(4.3 I(w,w:t)- f}((% L, (et df)

It is natural to hope that if _FE (& (D) then:
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-I{x,w:t)
(4.4) W [‘K,t}:f e f((TTw)(t)) P(dw) xeDuB
£
is a solution to (1.1) with & =0,
We remark at this point that W("",t) above 1s defined
in an obvious way for x € (K —the corners). and 1is even
perpendicul arly to any side of B,

Let A be a side (without the corners) of B and let

(4.5 Y (wt): exp [—IK(?JEG(%I?‘;‘f)*f’g)(“ﬁ: Ji")}t-(f)j\-
B A +
H(Twi(t))

and therefore:
__&ggfw'f;d\fln(fl
(45)u(x,f)=fe W(u,t)ﬁ(clw)
0

From now on the proof is much on the same linesof the
proof of theorems 1 and 1° but we describe it here in some
detail . llowever we suggest the reader to read first the
proof of theorem 1' in appendix 1

Let first 'p(_(}‘).—.)’f_: constant Let Q be an open

=
square centered at }’o € A and with side LF:mall enough so
that Qf S E does not contain any of the corners of D We
suppose i’t.he:t: QFmL has sides parallel and perpendicular to
the 2-axis which is assumed to contain A we al so suppose
that fo_: (0,0).

Let m (m) be the hitting time associated with the path



21

wad R, ,(w(o)=xeQ, ).
VO-}L ﬁ’,l—
From the form of (4 5) we realize that if m(w )<t

o ..};[m,ﬁjdf) -
M?)ekya “f’(w,t): Fn(w,”'m)'\f/(um,t-m)

with

_—

(47 Relwy,m)z op oxt (w ;m) m 2o
therefore using the strong Markov property and denoting

B, and M the exit times of the components W ,w of w
] 5 1 : | z

L L

from ___} = we find:

ut(’«t)f[ dm :pw Gm;x(x,,ﬂar w((F,5),t-m)+
(4.8) t 4.1:
4 ém{ () G (%, P u (2,52 E-m)s

0 M.k
3

+similar terms coming from the remaining sides +

[ / (171 m) $Fdm 6,0, 265, m)

L
)

where Xz (¥,%,)€ Q and we have put, for Loz 4.2

¥oi

o[("’i !W}

(4.9) Gi:(xpf)‘if=

fwiw medf, mp

P"'i (éu){)

. “wlo(wy
(4 10) {,K t(m}é'n( sfg —of A '-:L (d w. )
X‘, {

{wtfwt- (&)= i%‘_,’ﬂ?(&dfn’t.*dm
L

we also observe that u,{(‘f,:i:.%’—),’t) is even in ?e [-—I?%:[
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as a consequence of the remark after (4.4)

Expressions (4.9), (4 10) are gquantities associated
with one-dimensional Brownian motions and can be computed
explicitely (see appendix 3)

they are differentiable in
¥:20 up to X; =9 and verify at

X, =0 the elastic bound
ary condition with parameter 1
_ du
(4.11) — | =X Y
B*l xl:of' x,zot
furthemore they verify in [- ,l_—] the heat equation for
7
L0 ; i i
L

their gradients also admit the same type of bounds

found in appendix 1 for the analogous guantities Using
these facts we realize that u(%,f) is indeed a solution of

problem (1.1) with U’EO,)C(}T):\C.
1f K(FJ is not constant the above proof requires
some minor changes

In this case one has to take into ac-
count the formula below, valid for € < exit time from the
box ,Q :

.
Foye

IE.X{:)- K('F) Ea(u)t)&F)' Qyis_'“'(ro uJ t)‘

-% )
o [P eif)Eeatidf) o[ Tuitg fu i)
't 4
(‘f' ‘;E [n(\"’ x(fo)[) t (wl,t):a('l_)l:'a(u{)t)
i R~

and the probability distribution of the local time [7] and

the kind of techniques used in appendix ] and in this sec-



23

tion.
The calculation is tedious but straigth_forward and

we skip it.

5 — Unigueness problems

We investigate the uniqueness properties of the so-
lution of (1.1) only for the case D is finite and =z 0. We
also suppose (without a real loss of generality) that V=21

Tn this section we shall also show that the solution
of (1.1), with & z 0 coincides with the usual variational
solution in the case D is finite The non trivial
part of this statement being the fact that the vari-
ational solution and (1.1) belong to the same functional
space The “usual”’ sa:;lut.ioralg'q== for instance, in [12] [13].

Q Consider a domain D obtained

from D by excluding little

ZL(Q) triangul ar regions near the

corners (see figure). For a

D given corner ) the triangular

region has two sides of equal

lenght lying on the two sides

of B converging in 7 the third

side of the triangle will be called ZL(Q) and we suppose
that its length is L . We call B, =BN(D)=9DNdD_.

Integrating the solution of (1,1) over DL and [0.0 ] we
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find: . t
—J u.(x,'t')ld*.. LL(X-.O)IAXZ'-_I_ 37 lgrad u.[x,‘t)izd’t’-.
2
o,
S lf‘l'tfn Iu.(% T)Ich__Jét[ \f’ )Lb(-f)l)df
o b, 2 (2)

Using ¢) and d) of (1.1) it follows that the contri-
bution of the last integral to (5.1) is uniformly bounded

as L= 0 . Hence using again c), for almost all { =

(‘5.19) flgracl LL(X,t)[L(Jy < 4 oo
D

and therefore the following limit exists for all [ 20

t
(5.3) l})(t Lim[&’t/u(f,t) a“;(f’t)df

gl
0 £

and. from c¢) and d), is absolutely continuous in t

From ¢) we deduce that the functions fu ('f, ‘L‘) Bu(f,f‘] dF

S‘h

are uniformly bounded in L  hence they form a condition-
ally weakly compact set 1in L'([O,TJ) for any 14 ®  this fact

together with (5.3) implies:

L99)_

(5.4) Lim /u. (g ) ‘)“"(ﬂ F’ weakly L (C0,T1)

b

We want to prove that Y[t) = O,f_‘:_' =0, Suppose the contra-
d

ry, then there is a T>0O and an & > O such that:



t
5. 2 tiogbe T oY
(5.85) V'z,r wmes { < ,d_._f_>£} >0
& i,
(5.5') or Phr:“rhesi roeteT Tl s}>

Suppose (5 5) is true (1f not, then (5 5°) is true
and the argument below is essentially the same). From the

weak Lfconvergence we deduce

(5.6) Mes it:ju_(‘ﬁt) 3 HALP, L) 0‘5? g} E./M';T |

e x
2N .Z,LL,Z'Z—

2

Hence for small enough L (if/z/is the angle of B 1in Q)

B LR

for all.thet's in the set with positive measure consider-
ed in (5.6)’t.heref0re:
L
P " ¢
}x-"'f“' (%)‘ ; db= + o
L(C FZ ?c(t X(Q)

which is in contradlction with (5.1) which implies that

(58) dT

13"‘-“"-‘ u-{lxgt)[z has a uniformly bounded integral over x,T
if ulxt) verifies (1.1) It is now easy to prove unique-
ness let u \ be two solutions of (1.1) verifying proper-
ties a) + e) with 0= 0and suppose D is finite Then, from
what has been proved in this section. 1t follows that
the function X -(-V is such that W(X,O"'J:O and. from

(5.6), (5.9)
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(59}[ w(x, t)Atéx~_de/lgraéw|J/;1/ (F)Iw(E1)[ I[d§

since '\‘(()} 0 it follows that w (x,t)%dxdt = 0 *?atéo
ie W (",t):O almost everywhere in (*gtj.

An alterative proof is the following: by proving (5.2),
(5.9) we have implicitely proved that the solution
of (1.1) is in the Sobolev spaceul(l)x(qTJJ and is a gene-
ralized solution of the heat equation. Since we know
that there can be only one such solution of the
heat equation we deduce that any solution of (1.1) isthe
same as the one obtained from the variational approach [13]

lwhich in turn, must have the properties listedin (1.1)].

€. - Sticky barrier and general barrier

+ .
Suppose px (Jw), xe DuB is the reflecting Brownian
motion in the polygonal region I
Given a continuous non negative function O € C(I3)

; * .
we can define P* -almost everywhere the function:

(5.1) Z(t):t+f () 1, (w,t;dF)
B

where tE: is the local time on B introduced in section

4. Z(t) is strictly increasing in t and one can consider
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its inverse @(t) ti.e. let ®(t) be such that ®(2—..-(“J-=-t-
The functions e 3 Z are defined for P:-aimost.- all co's € 2

and can be used to define a mapping Tcr: it O

(6. 2) (Ta_w)[f): w(@(t))

this is E{talmdst everywhere defined  Clearly _I:rw has

the same geometric form as & but is run through with a

di fferent law of motion: -T;w spends more time on B
Since TO. is defined almost-everywhere on £ and is

s oT
Borel measurable it can be used to carry the measure |

inTo P:[qﬁwlon 57 s ok & way that if f(w) € (%)

(6.3) /f(w Pw’“ Aw /-F(Tw)P(Jw)

—

in view of theorem 4 it is hopeful that 1f¥- C D then

(9:¢7)
(6. 4) LL(X)t):fPK (dew) f (w ()

solves the problem (1.1) with ¥ =:0Q,The way one proceeds
to prove this theorem is clear enough from the proofs of
theorem 1° and of the validity of the elastic boundary
condition in section 4 i e one reduces the problem to
the one dimensional case using the strong Markov property
of the free Brownian motion (See sect 2 theorem 4).
ix,6)

The measure F; (dw) associated with the general
case of problem (1,1) can also be easily constructed using
the local time on B: the solution of problem (1.1) is in

fact given by:





































































