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1 Introduction

The main problem of the statistical dynamics is the explanation of the
approach to macroscopic equilibrium for large systems of interacting
particles.

The discovery of the Boltzmann equation [1] and of its approximate
solutions [2] leading to the various hydrodynamic equations have pro-
vided a first answer and a first insight into the microscopic mechanisms
underlying the macroscopic evolution. However it is now well realized
that the Boltzmann equation can hold rigorously only in very special
limiting cases [3] and, furthermore, because of its phenomenological
character, this equation leaves open the famous question of how a
microscopically reversible dynamic can lead to an irreversible macro-
scopic evolution.

Bogoliubov has been the first to successfully relate the Liouville
equations to the Boltzmann equation and to the hydrodynamic be-
haviour [4]. Although he did have a considerable success and found
generalizations of the Boltzmann equation expected to hold for “dense”
gases (i.e. for gases so dense that the many particle collisions are not
neglegible), one cannot consider Bogoliubov’s theory as completely
satisfactory especially from the point of view of the mathematical
physics.

1 Physique Théorique, C.N.R.S., chemin Joseph-Aiguier, Marseille.
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In this lecture we shall review a number of problems which arise when
one tries to rigorously investigate the evolution of macroscopic system
from the microscopic dynamics. After having considered the problems
in the general case of continuous classical systems of interacting par-
ticles and given, without proof, the few existing results we shall recon-
sider the same problems in the simpler case of the wind-tree model which
will allow us to pursue a deeper investigation. In the case of the wind-
tree model the results will be presented and proved in some detail.

2 Formal derivation of the time evolution equations

In what follows we shall consider our macroscopic system as infinite.
We shall make this assumption not for aesthetic reasons but because this
is apparently the simplest way to get rid of the boundary conditions at
the boundaries of finite systems which, if one wants to be realistic, have
to be very complicated and eventually lead any way to consider infinite
systems (i.e. one should specify the state of the walls surrounding the
system and the mechanism of interaction of the walls with their own
surroundings).

We shall see that, considering the system as infinite, it will be possible
to realize and, to some extent, study the physical situation arising when
one considers the evolution of a finite system in contact with a heat re-
Servoir.,

In other words one should look, as we shall see in detail later, at the
consideration of an infinite system as a tool for describing in convenient
and mathematically handable form the boundary conditions.

We remark that a mathematically handable situation would seem to
arise by considering a finite (but large) system with ideal boundary con-
ditions, e.g. smooth hard walls with reflection conditions; in this case
one would not encounter the difficulties coming from the presence of an
infinite number of particles but the whole problem will by no means be
simpler than the one connected with the infinite system because now new
difficulties will be met in the study of the long time behaviour, e.g. in the
approach to equilibrium because of the quasi-periodic nature of the evo-
lution of finite systems related to the well-known Poincaré cycles [6].
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The above “apology” for using infinite systems has been done because
their use is sometimes regarded as a useless luxury and not merely as a
possible and sometimes even fruitful way of attack of a difficult problem.

Suppose, now, that the system is constituted of identical particles
whose phase coordinates (p,q) will be denoted by x and suppose that
the hamiltonian of these particles is

2
H(xlsxzs"'}= Zzp_:;‘l+ Z¢(Q&_QJ) (21)
i i=<j

where m is the mass of the particles and ¢ is a (differentiable) interaction
potential which should be nice enough in order that the bulk thermo-
dynamics exists: i.e. it should be stable and such that

< c
lp(q)) —— —— for some ¢ (2.2)
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where v is the dimension of the space.

We denote Si(x,...x,) the configuration into which (x,, ..., x,)
n finite evolves in time under the Hamilton equations:
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Now the problem of the time evolution can be put as follows: given an
initial state described by a set of correlation functions

Py X ) = 12500 (2.4)

how can one describe the state of the system at time 1#07? (We are giving
to the words “correlation functions p(x,, ... x,; 0) the usual meaning
of probability densities for finding n particles with phase coordinates in

dx, ...dx . .
a volume —1~‘—" around x; ... x, (where dx,=dpdg;) irrespective
n

of the location of the other particles.)
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Of course one expects the answer to be that the state at time 7 is
described by a set of correlation functions {p(xy, x;, ... x,; 1)} uniquely
determined by the initial ones.

We shall devote this and the following sections to the investigation
of this problem which, although only preliminary, is already very diffi-
cult and can be solved only in special cases. In the remaining part of
this section we shall give a formal derivation of the equations which
should be verified by p(x; ... x,;1).

Consider a finite system enclosed in a box A4 and suppose that the
initial distribution is Dy(x, , ... xy; 0): this function gives the probability
density for finding inside A exactly N particles and to find them in a

@y ity ) o .
volume = around x, ..., X,. At time ¢ the distribution will be
Dy(x, ... xy; 1) = Dy(S_,(x, ... xy)j0) where S, is the evolution ope-
rator introduced in connection with the equations (2.3) above. It is
immediate to verify that:

ODy(xy ... xy; 1)
at

=[Dn(xy ... xy5 1), H(x, ... xy)] (2.5)

where [+, - ] denotes the Poisson bracket.

The expressions of the correlation functions associated with a distri-
bution Dy(x, ... xy; f) are, according to their probabilistic meaning:

® dy, ...dy,
Py oo X3 )= Y | Dyl s Ko Yius :)T (2.6)
m=0 Am .

and now, differentiating with respect to time both sides of (2.6) and
using (2.5) and (2.1) one finds

M =[p(x] e X3 "‘}9 H(xl R xﬂ)]+

ot
= 5 cee Xy ,! 6 F o]
+ZJ’ p(x ... x,y; 1) do(q q)dy
op; 0q;
i=1

where y = (p, q), dy = dpdq and we have neglected the presence of the
walls of A and assumed that Dy(x, ... xy; 7) assumes equal values on

(2.7
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apposite sites on the boundaries of A and vanishes for large momenta.

Because of the hidden assumptions described above equation (2.7)can
only hold for infinite boxes A, but of course the above arguments don’t
really prove anything,

Equations (2.7) are called the BBGKY [5] hierarchy of integro-
differential equations; they relate the n-particles correlation functions to
the (n+ 1)-particles ones. These equations are the starting point of the
Bogoliubov theory of the Boltzmann equation. There are no existence
theorems for the system (2.7) for arbitrarily given initial conditions
p(xy ... x,; 0) and in the next section we shall discuss a set of initial
conditions which, because of their physical meaning, can be expected
to be initial values of a solution of (2.7).

3 The initial states and their evolution

The first difficulty met in a rigorous theory of the time evolution is
found in the definition of the initial state. As mentioned in the preceding
section, if one wants to avoid the delicate problems of the boundary
conditions, one has to consider infinite systems. Once one considers
an infinite system it becomes a problem to find “reasonable’ initial
conditions.

By reasonable we mean conditions which are first, physically realizable,
at least approximately, and broad enough to allow a discussion of the
hydrodynamic phenomena and, secondly, well defined mathematically.
A guide to the definition of convenient initial conditions is given by the
following experiment: one has a system which is enclosed in a (finite)
container in thermal equilibrium with a heat reservoir; the system has
been put in a non-equilibrium situation by some external means (for
instance there is a density gradient obtained through an external field
etc.), then at a certain instant one suppresses the external cause of non-
equilibrium and looks how the systems tends to reach equilibrium with
itself and the thermostat. There is a simple way of idealizing the above
situation in a mathematically treatable fashion: we can simulate the
thermostat and the non-equilibrium cause by considering an infinite
system containing identical particles in an initial state which is an equi-
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librium state at temperature ! and density n under the action of the
mutual pair potential ¢ and of an external field / localized in a finite
region A,: the fact that the system is infinite and the external perturba-
tion / is localized in a finite region guarantees that our system is in equi-
librium, at temperature ' and density », far enough from 4, i.e. the
system is its own container and thermostat and also that the state of our
system is a non-equilibrium state in the senise that if at 1 = 0 we switch
off the external field 4 (i.e. if we remove the local non-equilibrium
cause) the system will no longer be in equilibrium and will evolve to-
wards, as we intuitively expect, the equilibrium state with temperature
B~ and density n i.e. the local disturbance will spread out and disappear
at infinity (or, by suggestive words, will be absorbed by the heat reser-
voir). The correlation functions describing the state considered as initial
in the above discussion are given by limit the [19]:

p(xl LRI xn; 0)=
i znlm j e—ﬂH(M v a e Xnd1 ..<ym)—ﬂﬁ'§i|(x.f]—ﬂ§h(yj) dyi e dy’"
. m=0 Am m! {
=lim = 7 7 (3.1)
A0 szj' o~ PHOL ... ym)—pEIu(yp) V1 2 Cm
m=0 Am m!

Where we recognize the usual definition of the correlation functions of
an infinite system in equilibrium at temperature ™' and activity Z (we
use the grand canonical ensemble and therefore we use the activity Z
instead of the density n to define the correlation functions) under the
action of the external field / and the Hamiltonian H introduced in (2.1).

At this point we have to pay a first tribute to the elimination of the
boundary problems through the consideration of an infinite system: in
fact we have to guarantee the existence of the limit (3.1) defining the
initial conditions and such limit can be shown (with the present know-
ledges) to exist only if Z is small enough by using the Kirkwood-Saltz-
burg equations which are usually discussed in the absence of an external
field [7] but which hold also in presence of an external field.

Therefore if we want to discuss the time evolution of the states des-
cribed above we must restrict ourselves to the case of low activity (i.e.
to low density gases).
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If Z is small enough the initial state is well defined and one can ask if
its time evolution is well defined when, at ¢ = 0, we suppress the external
field /. The time evolving correlation functions are defined by the limit.
Xy xi =

oo

E Zm+nj' e BHOx L o xnyt o yon) = PH(S = X1 - .. y) Ayy oo AP
m=0 Am m!

= lim

S— (same factor as in (3.1))
where A(S_,(x, ... y,)) denotes the external potential evaluated on the
configuration S_,(x, ...y,) and we have suppressed the evolution
operator from H(...) because of the energy conservation. To avoid con-
fusion we remember that the evolution operator S, corresponds to the
equations of motion (2.3) (i.e. to the hamiltonian (2.1)) and therefore S,
has nothing to do with the external field 4 (suppressed at = 0) [20].

The expression (3.2) resembles to the (3.1) and one is tempted to try
to prove the existence of the limit (3.2) at low Z by regarding (S,
(xy ... x,)) as an external (time dependent) potential energy and using
the Kirkwood-Saltzburg equations. However this is not possible be-
cause the theory of the Kirkwood-Saltzburg equations which allows to
prove the existence of the infinite volume correlation functions at low Z
uses the fact that the potentials acting on the particle are short range
potentials (e.g. the mutual potential should verify condition (2.2) and
the external potentials should be concentrated in finite regions): these
short range conditions are realized at / = 0 by hypothesis but cannot be
guaranteed for ¢+#0 because A(S_,(x, ... x,)) a priori depends on all the
particles x, ... x, even if they are very far from the region 4, when A is
non-vanishing and our knowledge of the properties of the operator S,
(i.e. of the solutions of the equations of motion) is not good enough to
give evaluations on how fast and how much a particle which is very far
from A, can influence the motion of a particle inside A,. These evalu-
ations would be needed to estimate the range of the potentials giving
rise to the potential energy /(S_,(x, ... x,)) [21].

The point is that if there are n particles it will, a priori, take a time
increasingly shorter as n increases in order that a far particle influences
a particle originally in A4, and, in (3.2), the number of particles in
h(S_,(x, ... y,)) can be arbitrarily large.

(3.2)
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From the physical point of view one expects that for essentially all the
configurations the particles which are far do not influence, in a given
time ¢, a particle which is originally in a fixed region, say 4,, and there-
fore apart from “zero probability” sets of “pathological” configurations
the potentials giving rise to A(S_,(x, ... x,)) are short range potentials
and it should be possible to prove the existence of the limit (3.2) either
using the Kirkwood-Saltzburg equations or by some other method based
on this finite range property. That the situation is really of this kind is
illustrated by the case of one dimensional systems with finite range twice
differentiable mutual interaction ¢: for such systems it has been shown
that the set of configurations not showing the above pathologies in their
time evolution is large enough to allow the proof of very general results
on time evolution of infinite systems [8] and to allow a proof of the
existence of the limit (3.2) at low Z and also of the fact that the functions
defined by (3.2) obey the BBGKY hierarchy [9] and therefore provide the
first example of an existence theorem of a solution of the system (2.7)
with initial condition of the type discussed above [22].

4 Other problems on the time evolution

As we see the results on the preliminary problem of the existence of the
time evolution for infinite systems are very partial and therefore unsatis-
factory.

Furthermore there are a number of problems to be solved after one
has a solution to the existence problem and that are waiting for a solu-
tion even in the one dimensional case where the existence problem
can be solved.

A list of some of these problems is the following:

1) Are the functions p(x; ... x,; t) analytic in Z at small Z?

2) If (1) is true, does the radius of convergence of the power series of
p(xy ...; 1) depend on £?
3) Is it true that lim p(x, ... x,; )=p(x, ... x,) where p(...) are the

t—00

equilibrium correlation functions at temperature §~' and activity Z
(i.e. the p corresponding to h = 0)?
4) Do the hydrodynamic coefficients exist?

TIME EVOLUTION PROBLEMS AND THE WIND-TREE MODEL 265

5) How the approximate validity of the Boltzmann equation can be
rigorously established ?

Let us illustrate the importance of the above questions.
Question (1), (2) are interesting because one can easily derive the
coefficients of a formal power series in Z of the form

PXy e X D= 33 ZNoE o X5 D) (4.1)
N=0

but the derivation leaves open the question of the convergence [10].
Assuming the convergence of the series (4.1) it makes sense to ask
question (2); the expressions of the coefficients cy(x, ... xy: ) have a
behaviour in ¢ which is asymptotically for large ¢, proportional to ¥ [11]
and, therefore, the radius of convergence a priori shrinks to zero as
t~ ! (assuming that it is different from zero).

However in spite of the ¥ behaviour of the coefficients ¢y it could
happen that the radius of convergence does not shrink to zero at all and
this would imply the existence of nice relations between all the coeffi-
cients ¢y which could be exploited to make a resummation of the series
(4.1) to obtain a new series (no longer a power series in Z) which is less
singular than (4.1) as r— oo and therefore is more suitable to investigate
the asymptotic behaviour as ¢— o,

The resummation of the series (4.1) would be particularly welcome be-
cause the evaluation of the hydrodynamic coefficients based on (4.1) in
power series in Z gives rise to divergent coefficients to all orders of the
series (except the lowest one) [12]. This fact gives a new importance to
question (2) and to the conjecture that the radius of convergence does
not shrink to zero.

The importance of questions (3),(5) above is clearly evident. We should
stress that no one of the above questions has, so far, been answered even
partially and one of the reasons for this failure is the lack of good
techniques to deal with the problem discussed in section 3 and concern-
ing the existence of the functions p(x, ... x,; 1).

It is therefore of great interest to investigate the questions (1), (5) in
less realistic models so simplified that at least some of the above ques-
tions can be answered.

18
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There are a number of models for which the problem of the existence
of the time depending correlation functions is either trivial or solved.
An example is given by the quantum spin systems on a lattice [13], but
for this model nothing can, by now, be said about the problems raised
in (1)+(5). Other examples are given by soluble models like the (trivial)
free gas or the system of hard rods in one dimension [14]: this last model
has been solved with a different kind of initial state but the results are
compatible with the conjectures of a constant radius of convergence for
the p(x, ... x,; f) and with the existence of the resummation discussed
above; it would be of some interest a solution of this hard rods model
with the initial conditions we are considering.

Here we want to examine another class of models for which the prob-
lem of existence is easily solved because one can control the pheno-
menon of the influence of far particles on the motion of particles in a
given region but the question (1)+(5) are non trivial and can be par-
tially answered; the models are the so-called wind-tree models one of
which will be described and discussed in detail in the following few
sections.

5 The wind-tree model

This model consists in a system with two kinds of particles: a light
particle (the wind-particle) and particle with a large mass (the tree-
particle). The light particles do not interact between themselves but they
interact with the trees which are supposed so heavy that they do not
recoil in the shocks and, therefore, the wind particle is scattered from the
surface of the trees (which we suppose to be, as far as the wind particles
are concerned, hard spheres), according to the law of equal angles of
incidence and reflection, without changing the absolute value of velocity.

The trees are supposed to be distributed randomly and one obtains
different models by assigning different tree-distributions.

For instance one could suppose that the trees are in a distribution
which corresponds to the equilibrium distribution of a gas of particles
interacting through a certain given pair potential @ at a temperature §~*
and density #.
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In order to give an illustration of the underlying ideas we shall con-
sider the easiest case in which the trees are a perfect gas i.e. their distri-
bution is the one which corresponds to a pair potential ®=0. More
concretely the distribution of the trees is given by the set of correlation
functions:

pley, ..ep)=n" (5.1)

where ¢; denote the spatial coordinates of the trees (we never consider
the distribution of the momenta of the trees since they are supposed to
be infinitely heavy and therefore have zero momentum) and # is the
density of the trees. A more useful way of describing the tree distribution
is obtained by giving the probability density #alcy ... cy) for finding
exactly N-trees inside a volume and for finding them within dey ... dey
around c, ... cy; from (5.1) it follows that this probability density is
given by the Poisson distribution [15]:
N

Fues ooey) =" (5:2)
Let us now suppose that at time ¢ = 0 the wind particles are described by
a set of correlation functions which correspond to the equilibrium cor-
relation functions of the wind at temperature B! and activity Z in
interaction with the trees and with an external bounded potential A
localized in a finite region 4,. We suppose, as said above, that the trees
are distributed as a perfect gas at temperature #~* and density n. A pre-
cise mathematical definition of the initial state can be given as follows:
suppose the system finite and enclosed in a cubic region K and suppose
also that the trees are fixed in position ¢ ... ¢y, then one would find
for the wind the following correlation functions:

r?
Per.oonXnsooe X3 O)=Z"e P Zm yr, o (x ... x,)e PFH@)  (53)

where x; = (p;, g;) are the coordinates of a wind particle and y,, ..
(%, ... x,,) denotes 1 if the positions ¢; i = 1, ... m are outside the spheres
associated with the trees ¢, ... ¢y and zero otherwise—Formula (5.3)
gives simply the correlation functions of a free wind gas which is not al-
lowed to occupy the volume already occupied by the spheres associated
with the trees and is subject to the action of an external field. Now to
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take into account that the trees are not fixed but distributed randomly
we have to average over all the coordinates ¢, ... ¢y and we obtain
using (5.2):

Py o X3 0) =P, (¥y .. X3 0)) = (5.4)

00 dc, ...dc
= lim e~""K) Z HMJ-%P“ T - RO )
K—so0 M=0 -
K

Let us now look at the time evolution of the initial state described by
(5.4). Define S “™(x,...x,) to be the configuration into which
X; ... X, evolves in presence of the trees ¢, ... ¢ in the time ¢: then the
correlation functions at time ¢ are defined by

o dey ... dey
me-"VE Y M
go M!
K

Py oo X3 =1
K—m0 M

xpcl...CM(S—ICll“‘.N(xl i d xm); D) (5.5)

We now are faced, as in the realistic case, with the problems of proving
the existence of the limits (5.4), (5.5). But it is clear that in the present
case we do not have at all the problems related with the bad know-
ledge of the properties of the solutions of the equations of motion and we
can control very easily how much a particle which is far from a given
region can influence what happens in this region: in fact since the wind
particles originally at x, ... x,, can travel; in time #, at most a distance
max | p;|t (because of the velocity conservation) we see that the trees that
influence the motion of x; ... x,, are the trees located in a strictly finite
region R(x ... X,; {) around the coordinates ¢, ... g, of x; ... x,, (the
dimensions of this region being of the order of max |p;| ¢) [16].

The existence of the limits (5.4), (5.5) is immediately proved after the
above remarks: in fact if K is larger than R(x, ... x,,; t) the quantities
under the limit sign become constant and we get: [17]

o de, ... de

8} — oo V(R 1) M L M
PO oo XS ) =T WARE E_n j 70
M=0 L

R(x1...xm;1)

KPsy. o {8 =M (xy v Xy} 0) (5.6)
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This shows that the problem of the existence of the time evolution is
solved in this case; however from (5.6) it follows rather easily [18] that
if one developes p(x; ... x,; t) in a power series in » as

Py e Tty X POy s B D) (5.7)
M=0

the coefficients cy(x, ... x,,; #) behave as —co as ¥ and it also follows
that the power series in 2 of the hydrodynamic coefficients (say the dif-
fusion coefficient) contains divergent terms in all orders.

However the wind-tree model is interesting because one can go farther
than the above observations and one can give some answers to the
questions (1) +(5) posed in the preceding section.

For instance it is clear from (5.6) and (5.3) that p(x, ... x,,; 7) is, at
fixed ¢, an entire analytic function of the tree-density »# and therefore the
radius of convergence of the series (5.7) does not shrink to zero as t— o
but stays constant and in fact infinite. This answers questions (1) and (2):
this could seem due to the fact that the radius is infinite and therefore the
argument for its shrinking seems not valid ; however this is due to the fact
that the trees are a perfect gas and the non-shrinking property is pre-
served in other less simple wind-tree models (obtained by assuming that
the tree gas is not a free gas) where the radius of convergence of the
series (5.7) is finite [18].

Taking into account also these results on more general wind-tree
models we shall regard questions (1), (2) satisfactorily answered and
we therefore look for the possibility of a resummation of the series (5.7)
which leads to an expression for p(x, ... x,; t) less singular as t— o0,

This resummation can really be performed explicitely through a
method that will be discussed in detail later. Let us first describe the re-
sults of this resummation and their relevance on questions (4), (5).

The resumed expression for the functions p(x;, ... x,,; t) decomposes
naturally into two terms the first being the equilibrium correlations func-
tions (i.e. the p’s defined by (5.1) when /1=0) and the second is a certain
series:

P, X1 o X)) =P(Xy oo X))+ Y IN(Xy oo X3 8, MR (5.8)
N=0
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the coefficients yy(x, ... x,,; ¢, n) are expressed through certain integrals
of the form

N+ X3 1) = (€A, X, ... Xy (5.9)
(4]

where #y(y, x; ... x,,) is a certain distribution in y. The resumed
series (5.8) is absolutely convergent and the sum of the moduli of its
terms is uniformly bounded in time. Furthermore each of the coeffi-
cients yy stays bounded in time. The above expression is interesting first
because it gives rise naturally to an expression for the departure from
equilibrium p—p and, furthermore, this departure from equilibrium is
expressed in (5.9), (5.8) by a superposition of exponentials decreasing in
time and therefore reflects the tendence of the system to attain equi-
librium.

However in our particular case one can show that p—p does not tend
to zero as t—o0: the physical reason is related to the fact that the trees
are hard spheres with respect to the wind but they can overlap freely be-
cause they are distributed as a free gas: this implies that one can cons-
truct tree configurations which have non vanishing probabilityand which
forbid a wind particle from leaving a certain region (i.e. we can form
“boxes” of trees) and this implies that a particle originally in this region
will never leave it i.e. there are particles which always “remember’” their
initial situation and this establishes a long time correlation which accord-
ing to well-known arguments, should prevent approach to equilibrium
[18]. Mathematically this phenomenon appears as a singularity in y
around y =0 of the distributions Zy(y, ...). We want to stress that, as
the infinite radius of convergence of (5.7), this is another unpleasant
feature of our simplistic assumption that the trees are a free gas and,
therefore, can overlap: if we suppose that the trees interact in such a way
that they cannot overlap (i.e. if the mutual pair potential @ contains a
hard core which forbids overlapping) one can show that all the yy—0

t—00
i.e. that the Zy(y, ...) are regular for y = 0, but, even in this case, one is
not able to prove that the sum of the series (5.8) tends to zero (approach
to equilibrium) because the series (5.8), although term by term free of
divergences as f— o0, is not uniformely convergent [18]. The above dis-
cussion shows that the problem of the approach to equilibrium even in
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this simple model is far from being settled. However it is possible from
the explicit expressions found after the resummation (see below) to ob-
tain some results on the approach to equilibrium in a limiting case: this
limiting case is the so-called Boltzmann limit and corresponds to the
limit in which the radius o of the trees tends to zero while the mean free
path Acc(no”~')—1 stays constant (v is the dimension of the space). In
this limit the expressions for the coefficients yy simplify considerably and
one can show explicitely a number of interesting properties: for instance
one can show that the time evolution is governed by the Boltzmann
equation and, therefore, the system approaches equilibrium and that the
approach to equilibrium is realized through a diffusion process [18].

The wind-tree model is, so far, the only case in which one can rigo-
rously show that the evolution in the Boltzmann limit is described by the
Boltzmann equation (which in this case is rather simple being linear). In
the above limit one can also compute the diffusion coefficient and the
other hydrodynamic coefficients which turn out to be given, of course,
by the Boltzmann ““first order” approximation.

6 Resummation in the wind-tree model

The resummation is suggested by the idea that everything should de-
pend on the probability g(p, r; #) that a particle leaving the origin with
velocity p reaches the position r after time 7. To evaluate this probability
we observe that there are many ways for this wind particle to reach r
after a time ¢: the wind particle can travel without suffering any collision,
or can collide with just one tree in ¢, or just with two trees in ¢,, ¢, and
so on. We can label these different possibilities with the coordinates
€y, ...s ¢y of the N trees hit by the wind particle. In general if N> 1
cach of the trees can be hit more that once. Now the probability of a
path is given by the probability of finding the position ¢, ... ¢y occupied
by the trees and simoultaneously, the region R(#, ¢, ... ¢y) swept by an
ideal tree when its center is moved along the path, empty of other trees.
According to (5.2) this probability P(¢; ¢, ... cy) is proportional to:

nMexp—nV(R(; ¢, ... cy)) dey .. dey M dey (6.1)

the proportionate factor being exp nV, where V, is the volume of a tree
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(this factor is the reciprocal of the probability for finding a region of
volume ¥, empty of trees and is needed to take into account the fact that
the wind particle leaves the origin at time ¢ =0 and, therefore, there
should be no tree containing the origin at ¢ = 0).

Now from the discussion leading to (6.1) it follows that g(p, r, t) can
be written as

d(?: o ch
gp,r;)=e" Y ¥ | RO et
h‘gﬂ Ax.‘!.N N!
X 5((S€-lr."cnx)2_2) Key ...cp;(x) (62)

where x = (p,0); (S, “*x), denotes the spatial coordinate of S, *x;
the region 4, , y is the set of tree configurations ¢, ... ¢y such that a
wind particle with initial phase coordinate x hits, in the time ¢, all the
trees ¢, ... cy at least once.

We remark that the series giving g(p; r; t) is a series of positive terms
that sums up to a probability distribution and so one should be able
to show that, in some sense, each of the terms of the series stays bounded
as t—o0. Furthermore the functions nMe™"V(R€t—enienVe shoyld be
regarded as cut-offs obtained “resuming” the power series in n for
g(p, r, f) which can be obtained from (6.2) by developing all the exponen-
tials in powers. The name cut-off given to n™e ™" ®t - e¥:0) jg due to the
fact that this term tends to zero as V(R(g, ... &y; 1))— 00 i.e. it is very
small for very long trajectories, which, on the other hand, are respon-
sible, for the long time divergences of the coefficients of the power series
of g(p, r; 1) in powers on n (because these coefficients are expressed
through integrals of the type of the ones in (6.2) but without the “cut-
offs™). Since we expect that everything depends on g(p, r; 1), we can
expect that the “resumed” form (6.2) for g(p, r, 1) leads to a resumed
expression for the correlation functions and we now show that things
really go this way. We consider only the case of the one-particle correl-
ation function p(x; 1) (the general case being essentially identical). From
formula (5.6) and (5.3) we can write, if x =(p, q¢) =(p, 0) (we can sup-
pose that g = 0 without loss of generality):

d
p(x !) — ze ﬂgm(e—nV(Rtx 1) Z I €y - x ..A.cu(x)

exp—pPh(S, " Mx)) (6.3)
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therefore if p(x) is the equilibrium correlation function (i.e. the one
given by (6.3) with /= 0):

el o de; ...dcy
plx: 1) —p(x) = ze Fam(e~ "V (Rix.0) J° pN j ————Fevsai )"
( Mzzu T Kevnen®)
RGx.O)M
*(exp—pPh(S, Mx)—1)) (6.4)
Let
& d.. .adl
I y=e @y | Sl e (69
M=0 M!
R(x,1)

. (CX]) _ﬁh{S(_I: ch) _ !)

then it is possible to show after the straightforward calculations exposed
below [18] that:

Ix, )= e"'”_[(e‘”""}~ De(p, r, t)dr (6.6)

and this expression together with (6.4), (6.5), (6.2) proves (5.8).
In fact we can decompose the integration region

R(x, )™ as
M
R = v w Bi..is (6.7)
N=0 j1, .05
where R, ;. is theset of all the ¢y, ..., cy such that
S My =§%1 Ny, for all 0<7<¢ (6.8)

ie. is the set of configurations ¢, ... e, such that the trajectory
SE, My hits only ¢;,...c;, in the time ¢; the union U runs over all
the choises of N indices between M. Trifw

Now using (6.7), (6.8) and using the symmetry of the integration over
€y ... ¢y to relabel the indices j, ... jy as 1, 2, ..., N, the integral (6.5)
becomes:

M dc dc
1ee ACy o
‘r(x, t) = E Z E ; nMe V(R(x,t})nxnmcu
M>0 N=0j1 ..~ M!
Rjy ... jw

(exp—Bh(Sy e x)— 1) =
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i dey ... d
-y J A" L exp— RSSO~ 1) ey e
N=0 *

N
Axe,N
® dey ... dey
Z - n?’e—&'{mx.n}n (69)
T=0 ¥ i
c'€R(x.1)
c'¢R(t,c1 ... eN)

where the region 4, , x coincides with the one defined after (6.2) and
R(1, ¢, ... cy) is the region introduced before (6.1) i.e. the region swept
by an ideal tree when its center is moved along the path S " x,
O0<tz<tand T=M-—N.

The integral in square brackets in (6.8) is simply exp—nV(R(t, ¢ ...
cy)) and therefore:

2 de. ...dc
](x, g): z j HN 1 5 N e—er(Rif,n ‘..ca.‘})‘;&l m(x)
N=0 %
Ax e, N

(exp—ph(S 5y Nx)—1)

d{'l ...dCN
e

00
= J‘dr(e-_s_lg(”_l[ Z J. ﬂN A” —nV(Rit, c1 “""”Zc. "-CN(x)
N=0 J
Ax,t.al'

7| o) —r)] (6.10)

and this together with definition (6.2) proves (6.6).

Conclusion

The problem of the existence of time evolution for v-dimensional
systems (v=2) is completely open together with the questions (1)-+(5)
in section 3. In one dimension there are some results but most of the
problems are still open.

The situation is by far better in the wind-tree models. We have dis-
cussed in detail a very special case of the wind-tree models. However the
results obtained hold for a much larger class of models but need more
technicalities to be obtained.
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Although it has been proved the existence of a resummation in the
wind-tree models the problems of proving the approach to equilibrium
and of evaluating the diffusion coefficient or of finding corrections to the
Boltzmann equation near the Boltzmann limit remain essentially un-
answered.

Although the problem of even proving the existence of the diffusion
coefficient remains open it may be of some consolation the fact that
using the resumed form of the Green functions (6.2) one gets a formal
series (no longer a power series in the density n) for the diffusion co-
efficient which is divergence free at all orders.

We conclude with some few words about the relation between
macroscopic irreversibility and the microscopic reversibility looked at
when the initial states are of the type considered in this lecture. Since
our systems are infinite it makes sense to talk only of mean energy u(t)
and of mean entropy S(7). These quantities are global quantities and
since our system is only locally perturbed from equilibrium they should
stay constant in time and equal to their equilibrium values.

This result has been proved rigorously in the case of one dimensional
systems with short range weak potentials and holds without any doubt
for the wind-tree models. In particular there is no privileged direction of
the time since the mean entropy is constant and all the problems con-
nected with the idea that entropy increases lose their signification in this
contest and the system is expected to attain equilibrium either for
t—+c0 or for t— — 0.
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