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We prove that for wide class of physically interesting initial states the time evolution of
the wind particles’s correlation functions can be described at any finite time by a convergent
power series in the density of the tree particles, provided this density is small enough. We
show that all the coefficients (except the lowest ones) of this power series contain terms

diverging as £~ + c.

Nevertheless, we prove that the radius of convergence does not shrink

to zero as =+ « and that the divergent terms can be resummed into a cutoff, thereby con-
structing a new series for the correlation functions having each term bounded as ¢ -+ «,
Although divergence free, this series does not converge uniformly in time; however, it can
be used to show that equilibrium cannot be reached if the tree-tree interaction allows over-~
lapping and to study the limiting case of vanishing tree size but nonvanishing free path; in
this last case we find an exact expression for the Green’s functions showing that the approach
to equilibrium is described by a diffusion process which rigorously verifies the Boltzmann

equation.
1. INTRODUCTION

A class of models was introduced by Lorentz
and Ehrenfest, to all of which we will briefly re-
fer as “wind-tree” models,'™® in order to under-
stand some of the basic difficulties of the kinetic
theory of gases.

In these models there are two types of particles:

The “wind” particles move through the space in-
teracting only with the particles of the second
kind (the “tree” particles) which, however, are
not supposed to be affected in their motion by the
“light” wind particles and so are supposed to be
in internal equilibrium under the action of their
mutual forces. Each model is completely de-
scribed by the wind-tree potential and by the
tree-tree potential.

In this paper we shall examine only the case in
which the trees are, with respect to the wind,
either hard spheres or equally oriented hard
cubes which reflect the wind on their surface.

We show that, if at time ¢#=0 the wind particles
are in a nonequilibrium state which can be visu-
alized as a state in which the wind is in equilibri-

um at temperature 8~' and chemical potential u
outside a certain finite region (where it is not in
equilibrium), then the time evolution of the wind
is described by a set of correlation functions
(Sec. 3) that are analytic in the density » of the
trees around n» =0 at any finite ¢ (Sec. 4). We
give explicit expressions for the coefficients of
the expansion of the wind correlation functions in
powers of the tree density » and we show that
these coefficients (except the lowest ones) are
sums of terms diverging in the limit ¢~ « (Sec.
4). We study how these divergences can be
eliminated by a resummation and we prove that
the difference between the equilibrium correla-
tion functions and the time-dependent correlation
functions is given by a series (which is no longer
a power series in n) in which the moduli of each
term are uniformly bounded in time as is their
sum (Sec. 5). Then we discuss the approach to
equilibrium and show how to use the resummed
series to exclude the possibility of approach to
equilibrium in case the mutual interaction be-
tween the trees allows overlapping (Sec. 6). In
Sec. 7 we study, for a free-tree gas, the limit-
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ing situation (the so-called Boltzmann limit) in equation, while in Sec. 9 we give a summary of
which the size of the trees is vanishingly small the results and compare them with those already
but the mean free path is finite, and show that known.

the approach to equilibrium is described by a This paper is inspired by some recent results
diffusion process which is studied in some de- on the Bogoliubov-Born-Green-Kirkwood-Yvon
tail, Finally, we show in Sec. 8 that this dif- (BBGKY) hierarchy and on the equilibrium proper-
fusion process verifies exactly the Boltzmann ties of the wind-tree model.*”®

2. DESCRIPTION OF THE INITIAL STATE

The initial states we are going to consider are nonequilibrium states only in a finite region; outside
this region they are equilibrium states at chemical potential . and inverse temperature 8. The precise
description is given below.

Let us fix an inverse temperature 8, a chemical potential p, an external field %(g) acting on the wind
particles, and let us choose a configuration C=(cq,...,Cy,) of the tree particles. Then, let us consider
the equilibrium correlation functions of the wind at inverse temperature B, chemical potential p, and
under the action of the forces due to the trees and to the external field z, which we suppose to be bounded
below and which acts on a finite region Ay (the fact that # vanishes outside a bounded region will be used
essentially only in the discussion of the approach to equilibrium in Sec. 6). Clearly, since the wind is
free in the region outside the trees, these correlation functions are simply given by

pc(xl, cee ,xn) = exp[B;m—BT(xl, ces ,xn)—BH(xl,. .. ,xn)]xc(xl)- . °xc(xn) , (1)

where we have denoted x = (p, q) the phase-space coordinates of a wind particle,

DO =

n n
T(xl,...,xn): iZ:)lpiz‘ H(xl,...,xn): Z_) h(qi)‘

i=1

and x ¢(x) =0 if the position coordinate ¢ of the wind particle x is inside some of the trees in C, x o(x)=1
otherwise.

Now, suppose that the probability distribution of the trees is the equilibrium distribution of a system of
particles mutually interacting through a pair potential ¢@(c —c’) at inverse temperature é and activity z
(we need not suppose B =8 since there is no exchange of energy between the trees and the wind). So we
are led to consider the state of the wind particles average of (1) over the distribution of the tree configura-
tions C defined by the correlation functions

PR ) de_+++dc
p(O,xl,..\,,xn)=AhmaoZA mE_Oz fAmexp[—BV(cl,...,c

)]

m
m Pc(xl,...,xn), (2)

m!

where C = (C1,e00,Cp), V(C1,e00,0m) = 22 plci-c¢j),
i<j

and Z, is the grand canonical partition function for a tree system confined in a cube A centered around
the origin and with temperature and activity parameters given by A~ and z, respectively.

In order to deal with definition (2) we need to suppose that the tree-tree potential ¢ is stable and suf-
ficiently decreasing at infinity in order that the thermodynamic limit exists®>!° and that the low z Mayer
expansions of the tree-correlation functions converge.!'™'* We shall prove the existence of the limit (2)
at low z in Sec. 3.

Now, if at time {=0 we switch off the external field %, the wind particles will no longer be in equilibrium
and their correlation functions will change in time.

3. TIME EVOLUTION AT SMALL-TREE DENSITY

Let x =(p, q) be the phase-space coordinates of a wind particle and let Sy Cx be the coordinates into
which x evolves in the time ¢ when the tree configuration is C=(cy,...,Cy,).

Taking into account that the kinetic energy of the wind is conserved, we can write the correlation func-
tions at time ¢ # 0 as [(cf. (1), (2)]
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o(t; Xppeeen®, )= lim ZA 2

veod -
zm/ dc_l___cﬂe-BV(C)eBun-BT(xl,..., x,)
A= m=0 AT m!

x exp[- BH(S_tC(x )y eee ,S_tc(xn))] xc(xl)' cey C(xn) , 3)

1

where we have abbreviated C=(cq, ... Cm ) and the functions H(+), x o(*) have been introduced in (1). We
now show that the limit (3) exists for tZ 0 and for z small. In fact, if we introduce the tree-particle cor-
relation functions

-1 nem [ €179, .
n(c,,.ere )= lim 2,7 2 2 * / —~h—1——exp[—BV(c1,--.,cm;Ci,---,c;l)] (4)
O S h=0 AR

then''= n(cqy, ... ,C) €xist and, as functions of z, are simultaneously analytic for z inacircle K around
2z =0 and there exists a B > 0 such that for ze€ K

In(c ..,cm)liBm . (5)

1
So, we can define for any finite set R the functions

,l.. ’
dc1 dc

h h
f(c e )= 2 (-1) ————nlc,,eee,c_;c!, .u.,c)) (6)
R1 =0 Rh h! 1 m’ 1 h

(for ¢q,+..,cy, € R); these functions have the physical meaning of being the probability densities for find-
ing inside R, exactly m tree particles, and for finding them exactly with coordinates cqy,...,cy,."

Now we remark that (3) is the grand canonical average of the function x ¢o(x1)- - - xc(x,,) exp[- BH(S tc(xl)
cee, S_tc (x,))] over the tree-configurations C at fixed #,x1,...,x,; but at fixed £, x1,...,x;, this function
depends only on the trees in C that are located in a finite region R(¢;x1,...,%y) around the positions
q1,+++,qy of the wind particles (x1, +++,%y) (the linear dimensions of this region being of the order

max |p, 1¢) .
Using this remark we can immediately write the value of the limit (3) in terms of the functions in (6)
plt;xg,eenx) ={exp[Bun - BT(x ... ,xn)]}I(xl, cee ,xn;l;H) ,

where I(xq, ...,%y;t;H) is given [using the probabilistic meaning of the functions in (6)] by

dc, - -dc

I(x,...,x sEH) = 2 ——1——kf . (. ,e.0,c,)
1 £>0 (t;xl,---,x) k! R(t,xl,...,xn) 1 k
n
C Cc
xexp[-BH(S_, " (¥ ), -e,S_, e Dxobry) e xox,) (7)

the integral I being convergent because of (5) and the boundedness of R(f;x,,...).

4. ANALYTICITY IN THE TREE DENSITY

From formulas (5) and (6) it follows that for z inside the analyticity circle K the functions fr(cq,...,¢y)
are analytic in z and denoting the volume of R by V(R) we have

fR(Cl””’Cn)é BmeBV(R) (8)

This bound, together with formula (7), implies that the functions p(t;xl, ...,X,) are analytic functions of
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z € K. This analyticity property can be transformed in the analyticity of p(¢;x,,...) in terms of the density
n of the trees in a circle around n =0, because of the analyticity of the activity as a function of » for » in
a neighborhood of the origin (see, for instance, Lebowitz and Penrose'¢).

So far we have established the existence of our activity (density) expansion for the wind correlation func-
tions valid in the region of activities (densities) where the tree correlation functions can be proven to be
analytic.

Now the problem of finding explicit expressions for the coefficients of the power series naturally arises.
It is indeed possible to derive formally these coefficients and to make the formal derivation rigorous, at
least in the case when the mutual tree-tree interaction contains a hard core. We discuss these points in
the rest of the section; the following discussion is, however, rather technical and can be skipped (and we
suggest the reader do so) by accepting one of the results, i.e., the fact that the coefficients of the activity
series (or at least some of them) diverge as ¢ - + « and that, therefore, it would be desirable to show that
there is a way of resumming the series which eliminates such divergences. This resummation problem
will be our main concern in the next sections.

Let us consider the numerator of Eq. (3): Forgetting the factor exp[Bun - BT(p1,...,p,)], it can be
written

" / dc1 . -dcm ~ -
Z\(x a3 it) m% Oz o T exp[- BV(C) - BVxl. . .xmt(C)] , (9)
where exp[- BVxl. . -xnt(C)J: xc(xl)- . 'xc(xn)exp[— BH(S_tC(xl), cee, S_tc(xn))] . (10)

The potential energy Vxl- coxpt (C) can be considered as due to the action of two potentials acting on the
trees. The firstpotential is an external 1-particle potential definedas: &, ,xn(c) =+ ifatleastoneof the
wind particles x; is inside the tree located at ¢ and Px1. . ,xn(c) =0 otherwise. Clearly if

m
V)= El cI):(1-~~xn(ci)’ we have Xc(xl)'"xc(xn)ze"p[‘év1(c)] : (11)

The second potential contributing to Vx1. coxpt (C) is a potential which produces a potential energy
Vo(cq1***cy,) such that

= C C

BVz(cl, cee ,cm) = BH(S—t (xl), voe ’S-t (xn)) . (12)
This potential energy does not, in general, come from a simple pair potential but involves many-body in-
teractions between the trees cq,...,c,inC, i.e.,

V.(C)= 23 ®(D/x,eeu,x ;:t), (13)
2 DcC 1 n

where the sum over D runs not only over the pairs of trees in C but over all the subconfigurations D of C.
The explicit expression for ¢ is

B(C/xynnn,x i0) = (B/F) T (- NO-ND) o Dy g P ), (14)

DccC -

where the sum runs over all the subconfigurations D of C and N(D) denotes the number of trees in D, We
have, for instance,

¢(x )yeos,S

®(@B/x, ... ,xn;t)=(B/E)H(S_t 1

Bey/x ) een x 0= /BHS_, S ), oS i ) - (S

; 2l ],

(xl),...,S_l "

Bleyeg/xpoeen 2 i) = B/B) [H(S_ T ) oS S00) - HGS_ 1), eSS )

-H[S_ ), ...,s_tcz(xn))m(s_t“‘(xl), ....s_t“’(xn))] .

After these definitions we see that (9) can be interpreted as the grand-partition function of the tree sys-
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tem corresponding to the activity z, temperature B-1 and to an interaction which is the sum of the mutual-
pair interaction and an external many-body interaction dependent on the wind particles xy,...,x, and on
the time ¢,

We remark that the potential (C/xq,...,%y;t), inspite of its complicated expression, is, in fact, a
nice potential: By fixing (xq,...,X,;?) and taking advantage of the crucial fact that the particles x1*xy,
can travel in time Zon a distance at most max|p; I£, it is easy to verify that the potential ®(C/x1,...,xy;?)
is localized in a finite region around x1,...,x,. Infact suppose that the tree configuration C=(cq,...,Cy,)
contains at least one tree, say c,, which is so far from the positions of x7,...,x; that S_; C(xl) does not
depend on ¢, (“far” is of the order of max|p;|f), then

B vnnC Jrrennx )= (B/F) 5 (cNMO-NDge Doy s Dy
1 m’' 1 n DCC,D.'bc, -t 1 - n
c@h D NONOIg DUl s PUk -0,
DCC,Dde,
because S_tD UC‘(xi) = S_tD(xi ).

Therefore, the potentials which originate the potential energy V(cy,...,cy) in (9) are finite-range
localized potentials.

Having given (9) the interpretation of grand-canonical partition function of the tree system under suit-
able interactions we observe that formula (3) can be written using definition (9) as

p(t;x1Y coe ,xn) = exp[Bun-BT(pl, cee ,pn)]ZA(xl, cee ,xn;t)/ZA . (15)

Now it is well known from the theory of the Mayer expansions that the partition function 2A correspond-
ing to a potential energy E(cq, ..., Cy,) of the form

E(cy,eeyc,) =E(C) = 2 &(D)
DccC
b itt =~ E: m/ dcl ”dcm
can be written z =exp< z — Ulc,, ... )
A N Ny COTERERL R (16)
where the Ursell functions U(C) are defined as
ve)=-2 1 [P gy (17)

I' Ter

Here EAhas the familiar [familiar at least if the potential &(7) is a pair potential, i.e., if ®(7)=0 unless
N(T)=2] meaning of sum over the “connected” diagrams and the notion of connectedness of a diagram has
to be generalized in an obvious way by allowing not only pair bonds [i.e., N(7)=2] but also many-body
bonds [N(T)= 2] if ®(T) is not a pure pair potential.

Using (15)-(17) we can now easily produce the desired expression for the coefficients of the activity
expansion of p(¢,xq,«..,%,).

Let us regard the mutual-pair potential ¢(c —c’) as a many-body potential ¢(C) [i.e., define ¢(C)
=¢(c1, .0 ,0)=0if m# 2 and @(c,c’)=¢(c-c’)] and let us introduce the following Ursell functions:

u(c) =2 II [e_ﬁ¢(T)— 1] , (18)
I' TeT

U(C/X) = xc(xl)' . xc(xn)U(C) , (19)
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@(cj/X;t)>E I A{exp[-Bo(T) - Bo(T/X;t)] - 1}, (20)

m
U(C/X;t) = xc(xl)"'xc(xn)exp<—ﬁ .Z 28
S

j=1

where C=(cq,+++,Cp,), X=(x1,...,%,), and 3 has the above meaning of sum over the “connected diagrams.”
In terms of (18)-(20) we can define the following coefficients:

dcl--°dcm
ym(t;xl,...,xn) = f[U(cl,...,cm/X;t)— U(cl,...,cm)] T (21)
dcl"'dcm
'ym(xl,....,xn)zf[U(cl,...,cm/X)—U(cl,...,cm)] - (22)

These integrals are well defined because xp(x1)*°*xc(¥y) and &(C/X;t) differ, respectively, from 1 and 0
only if some tree in C is contained in a bounded region (depending on £, x1,... ,%y) and because all the po-
tentials vanish at infinity (see, for instance, Ref. 13).

Now, applying formulas (15)-(17) it follows [denoting S_;(x) the free evolution, i.e., S-t’é(x)]

p(t;xl, oo ,xn) = exp[- Bun —BT(xl, cee ,xn)-— EH(S_t(xl),. .o ’S-t(xn))] exp< ij 1zm'ym(t;xl, ces ,xn)> ,
- (23)

where the unusual term exp[BH(S_¢(x1),...)] comes from the (“unusual”) fact that the potential &(C/X;?)
gives to the empty configuration the energy (8/B)H[(S-¢(x1),...,S-#(xy))] instead of zero. This term de-
scribes the evolution of the free wind.

From (23) one immediately derives the desired expansion of p in terms of z (and #n).

In order to prove that (23) gives us the correct expansion of p(¢;X1,...,%,) in terms of z (which we
have shown to exist), we need to overcome the convergence problems that arise in a rigorous derivation
of (23). These problems are essentially the same as the problems encountered in proving the convergence
of the Mayer expansions and never seem to have been investigated for the case in which many-body inter-
actions are involved — except in the lattice-gas case!”™!° — but it is clear that the proofs given for the
lattice-gas case carry without essential change in the case where the mutual interaction between the
trees contains a hard core.?® If this is not the case, although we know that a z expansion exists, we can-
not be sure that it is given by (23), but this seems to be only a technical problem which for our purposes
is not very essential; we will not deal with it since we shall be able to give an expansion for the p’s
which is surely divergence free as {- » [contrary to the series (23), see below] and which holds for an
arbitrary mutual tree-tree interaction. We remark that in the case 2=0, formula (23) becomes

yeao, X )=eB”n-BT(x1""’x")exp DMy (g, eeax) (24)
1 n m=1 m 1 n

plx

which gives the power series of the equilibrium correlation functions and for which there are no doubts
about the convergence of the series at low z because v, (x1,+..,%y) involves only external and pair po-
tentials and we can use the theory of the Mayer expansions and the known properties of the cluster inte-
grals 1=

We conclude this section by asserting that if one writes the integrand in (21) as a sum of the differences
of the corresponding terms in (18) and (20), and considers only the contribution to the integrand (21) of
one fixed diagram, say I';, then one can verify in simple cases that this contribution will diverge as ¢ -«
except for the lowest values of m [take, for instance, m =3, % constant in A and zero outside, consider
only one wind particle,i.e., #n=1in (19), (20),..., and assume the trees to be hard cubes, or take m=2,
n=1, h as before, and assume the trees are hard spheres; in both cases consider only the simplest pos-
sible diagram].

Instead of discussing the possibility or the impossibility of compensations between the various diagrams
and the various orders we note that the existence of these divergences is a well-known phenomenon,'=3,2,22
that there are not enough cancellations, i.e., the divergences are intrinsically inherent in the nature of
the density expansions, and an expansion of the p’s with coefficients not diverging as ¢ - « does not exist.
We avoid this complicated problem by giving nonsingular expressions for the correlation functions.

S. RESUMMATION OF THE ACTIVITY SERIES

In order not to hide behind apparently complicated deductions the physical meaning and the main ideas
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FIG. 1. Set R(x,t/cq,... ,C ) is the hatched region.

The dashed circles represent the trees cy,...,cy (N=5)
and the length of the trajectory in the hatched region is
Iplt.

underlying the resummation procedure, we sketch briefly the arguments suggesting the formal proofs in
the case of the one-particle correlation function.

We abandon the power-series approach of the preceding sections and try to give a more intrinsic “non-
perturbative” characterization of the evolving state. Clearly, everything should depend on the probability
g(p,7;t)that a particle leaving the origin with velocity p reaches the position » after a time ¢ has elapsed.

There are many ways for this wind particle to reach » after a time #: The wind particle can travel with-
out suffering any collision or can collide with just one tree in ¢, or with just two trees in ¢,, ¢,, and so on.
We can label these different possibilities with the coordinates cq,...,cp of the N trees hit by the wind
particle. Ingeneral if N>1, each of the trees can be hit more than once (Fig. 1 refers, for simplicity, to
the particular case in which the wind particle hits each tree only once). Now the probability of a path is
given by the probability of finding the positions c¢1,...,cpy occupied by the trees and, simultaneously, the
region R(x,t/cl, ...,CN), swept by an ideal tree when its center is moved along the trajectory (see Fig. 1),
empty of other trees. According to the physical meaning of the function fR(-) introduced in (6), the above-
mentioned probability is given by the following formula, which also defines implicitly the function F which
will be needed later:

. - . -1 _
P(x,t,cl, - ,cN) = F(x,t,cl, . °’CN)fR(x,0/¢)(¢) _fR(x,t;cl, . ,cN)(Cl’ ces ,CN)fR(x’O/m(gS)”xC(x) ,
(25)
where x = (0, p) denotes the phase coordinate of the wind particle at time ¢=0 and the factor fR(x, O/é)(d)ﬂ
XXcqee .CN(x) is introduced to take into account the fact that we must suppose that at time ¢=0 there is
no tree which “contains” the wind particle, i.e., there is no tree in the tree-shaped region R(x,0/¢).
From the probabilistic meaning of (25) it follows:

dcl' «+dc

N
NI P

g(p,r;t)= 22
N=0 Ax,tN

(x,t/c Loy 5SS N @), - ). (26)

1 9

Here the integration over cy,...,cN must be restricted to the region Ax,t,N of the ¢1,...,cN such that
the wind particle leaving the origin at time ¢ =0 with velocity p hits all of them at least once as the time
evolves from 0 to #; the symbol [S_;€1°**“N(x)] 9 denotes the spatial coordinate of [S_.;€1°**CN(x)].

Now, we remark that the series giving g(p,7;f) is a series of positive terms that sums up to a prob-
ability distribution and so, using the fact that it is a normalized distribution, one should be able to show
that in some sense each term of the series stays bounded as { - «, Furthermore, the functions
TR(x, t/c1e - ,CN)(cl, ...,cn) in (25), which in the lowest order in the tree density are simply », should
be regarded as cutoffs [they deserve this name because they are expected to vanish as the volume
V(R(x,t/c1,+++,CcN))=~ =, see (34) below, i.e., they give a small weight to the long trajectories] and it
should be possible to interpret these cutoffs as obtained by resumming the divergent terms in the activity
series.

In the rest of this section we make the ideas above precise. We shall deal only with the one-particle
correlation function p(f,x), since the consideration of the higher-order correlation functions needs only
trivial changes. The main result will be formulas (31)-(33) below, which give a rather simple expression
for the evolution in time of the “departure from equilibrium” p(¢,x) — p(x) and for some of the time-depen-
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dent Green’s functions.

Given x=(0,p), ¢ and a tree configuration cy,...,cy, such that all its trees are hit during the time ¢
by the wind particle which at ¢ =0 has phase coordinate x, we can consider the probability introduced in
(25). We want to prove first that the integral I(x;¢;H) appearing in (7) is given by

dcl '-dCN Cl“'CN
IGc:t:H) = 25 / -—I—V—'————F(x,t;cl,...,cN)exp[—BH(S_t ()] . 27
N207Ay ¢ N '
Furthermore, I(x;t;0)=I(x;0;0)<1. (28)

To prove the statements above we proceed as follows: I(x;¢;H) [defined in (7)] can be transformed as

-7

5 / o, ) wenl-ps, L Fanl 20 2o 51 2
o P €qee e €)X, () exp[- BH(S_ x k>0 N=0 ji....,j

k2o Jrenf | E R(t:x) €1 B Xeqreecp t 1 N

dc +++dc Ci. °°°C
1 k 7 IN
* /A( AT TR Cr %) x, L, Wexpl-BHG G (29)

jlv"'yjN) 1.0 k

where A(j1,...,jN) is the set of all the c1,...,cp contained in R(x;¢) such that

Cliulck C.OCIC.
S (;:):s_T’1 IN(x), forall0<T<t,

i.e., such that the trajectory S. .,.Cl' ’ .ck(x) hits only Cj1se++sCiN in the time #; the 2]-1 veed
over all the possible choices of N indices between 2 indices. N
Now, using the symmetry of the f’s as functions of the ¢’s we can write the second integral in (29) as

runs

. de. »*de C.oere
1 N 1 N
- / —N—'——exp[-BH(St (x))]xc ceep )
oy ! - 1 N
x,t, N
dci-..dcé
! ’
x| 2 AT TR Cr ey ) | 0
h=0

c’c Rlx;t)
C'Q_‘Rx;l,cl,...,cN)

where the integration region A, ; n is the same as the one appearing in (26); now it is immediate
to see that (30) coincides with (37) because the term in the square bracket in (30) coincides with
TR(x,t/cq,...,cp)€1,+++,CN) as a consequence of the probabilistic meaning of the functions fg [see
discussion after (6)].

Formulas (28) follow from the alternative definition of I(x;¢; H) through the limit [compare (3) and (7)]

-1 dcln.dc Clu.c
Ix;t;H)= lim 2, 2 ——— 2" exp- BH(S_, "))

(x)e-EV(Cl, cee ,CM)
A= m=0JAM m! )

xclu . -Cm

Having proven (27) and (28) we can write the difference between the p(x;t) and the equilibrium correla-
function p(x) (which corresponds to H=0 and is z analytic around z =0): Using (27) and (7) we get for
plx;t) — plx) =exp[Bu — BT(x)] [I(x;¢; H) = I(x;0;0)] and

dc,+-+dc c,*°*C

1 N 1
2 — F(x,t,cl, cee ,cN) {exp[- BH(S_t

I(x;t:H)=I(x;0;0) = 25 N

(x)]-1}, (31)
N=20 AxtAUY

where the region A, g is defined as Ax ¢ N in (26) but with the further condition that the trajectory
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S_tcl' **CN(x) must end inside the region A; where the initial external potential % is different from zero.
We see from (31) and (28) that, since % is supposed to be bounded below, all the terms of the series (31)

are uniformly bounded in £,

Remembering that p(x) is z analytic for small z, we can say that (31) should be regarded as a resumma-

tion of the activity series because developing F(x;¢

;€1,+++,CN) in powers of z [such adevelopment is pos-

sible as it can be seen from the definitions (6)] and grouping the coefficients of the powers of z coming

from the various terms in (31) one gets back the activity series.

the new series for the p’s blows up as - «,

Inequality (28) ensures that no term in

Formula (31) would be very useful if one could prove that the involved series is uniformly convergent in

time; however, one can easily convince himself that this is not the case (cf. Sec. 7).
question to ask which is the practical use of the resummed series.

So it is a legitimate
The answer is that the above re-

summed series can be used to prove some interesting theorems such as the impossibility of the approach
to equilibrium in the case where the tree-tree interaction allows overlapping or the rigorous validity of

the Boltzmann equation in the Boltzmann limit (see Secs. 6 and 7).

But one of the main reasons for which

we think that the series (31) deserves some attention is that, using it as a starting point for the usual
formal manipulations which lead to expressions for the diffusion coefficient and other transport coefficients,
one automatically gets divergence-free expressions without having to deal with any further resummation
[this is a consequence of the damping function F(x,t;cl, e ,cN)]; however, we shall not deal with this
point since it involves developments which, although usual, are not rigorous and in this paper we are
concerned mainly with rigorous results and we shall discuss the formal (and perhaps more interesting)
implications of the rigorous resummation achieved in this paper elsewhere.

We conclude this section by observing that, using the functions defined in (25) and their probabilistic
interpretation [cf. discussion preceding (25)], one can easily find expressions for the most relevant

Green’s functions.

For instance, the Green’s function G(#,7;¢), defined as the probability distribution

that a particle leaving the origin at time #=0 with a velocity p = |p|# arrives inrafter a time ¢ has elapsed,

is [if x,=(p,0)]

Gn,7;t) = Q
T N1
N=0 ‘N

o,v

dc,+-+dc
-1 2 f —}——————NP(x,t;c1
A

C_,*°**C

ceemieolis, b Ny -1, (32)

where &, is the surface of a v-dimensional sphere and (S- tcl te N(xo))z is the space coordinate of

s tcl .. CN

(xg) and Ax,,t, N has been defined in (20).

A similar expression holds for the Green’s function G(n 7; t/no, ) expressing the probability of finding,

at time #, a wind particle with phase coordinates (p =

Ipln, r) if its phase coordinate at #=0 was

(po= I,bliio,O): It is given by [denoting x =(p,7) and x,=(p,,0)]

dc +-+dc
> / —NT Pyt
Nz0 A, 4N '

[ IRE)

G(n,r;t/nO,O) =

xo» ; 1""v

cl...c

e)0ls., N(xo)-x]. (33)

In order to be able to use formulas (31)-(33) one should know some expression for the F(x,#;...) or for
the functions fg(+) introduced in (25) and (6) and here we are faced with the difficulty that the equilibrium
statistical mechanics of a continuous system is not well understood, at least not at the point of giving even

approximate formulas for the fR(- ), when R has the shape of interest here (a very thin tube).

However,

there is one important case in which the f’s are known and it is obviously the case of a free-tree gas: We

have, in fact,

fR(cl,...,cN) = zNe_ZV(R) ,

where V(R) is the volume of R.

6. APPROACH TO EQUILIBRIUM

All the results that have been derived so far did
not depend on the fact that the field % is supposed
to be concentrated in a finite region Ay. The situ-
ation is radically different when we turn to the
study of the approach to equilibrium. In fact, if
h is concentrated on a finite region we expect on

(34)

physical grounds that the wind system approaches
the equilibrium state corresponding to a tempera-
ture B-! and a chemical potential p (if it does ap-
proach any equilibrium) because the initial state
differs from this equilibrium state only in a finite
region Ay and the rest of the system acts as a
reservoir (with infinite inertia).

If 2 is not concentrated on a finite region it is
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difficult to see which will be the equilibrium state
reached by the system, since the removal of the
external field involves an infinite energy change
and so we expect the new equilibrium to have dif-
ferent values of the temperature and the chemical
potential,

The rate of approach to equilibrium is given,
according to formula (31), by the rate of approach
to zero of the function

dc,,...,dc
Jit)= 23 —IN—,——M
N=0 “Axt NH )

xF(x,t;cl,...,cN)Sl. (35)

This function has [cf. (31), (26), (28)] the very
simple physical meaning of being proportional to
the probability that the wind particle x = (p,0)
reaches the region Ay in thetime? inthe assigned
random distribution of the trees [the proportionali-
ty coefficient is fp(x,0/g)(#)™"; see (25)].

We now show that a necessary condition for the
return probability J(¢) - 0as ¢ -« (i.e., for the ap-
proach to equilibrium) is that the mutual interaction
between the trees contains a hard core with radius
(or edge) larger than the radius of the wind-tree
core. This condition is called for obvious rea-
sons “nonoverlapping condition.”

This result is intuitively a consequence of the
fact that, if the trees can overlap, the probability
that a wind particle is trapped in a finite region
is nonzero even for very small density. Clearly,
if the trees were allowed to recoil in the shocks
with the wind this argument would no longer apply
but it seems to suggest that the approach to equi-
librium would have a slow tail when large over-
lapping is allowed and the mass of the trees is
much larger than that of the wind.

The formal proof is based on the expression
(35). In fact, if the tree-tree hard core is small-
er than the wind-tree core we can find N so large
that we can arrange N trees in such a way to
surround completely (as far as the wind is con-
cerned) a given region; for simplicity we sup-
pose that this region if contained in Ay and con-
tains the origin. Clearly, the set of arrange-
ments of N trees which “surround” a given region

has a nonzero measure, under our overlapping
hypothesis, and so we see that the contribution to
J(¢) from the Nth term Jy (£) in (35) cannot tend

to zero, provided the cutoff function [introduced
in (25)] does not vanish for the paths trapped in
the chosen finite region [the cutoff functions can-
not vanish if z is small enough, because for small
z they are proportional to zN with an approxima-
tion uniform in z if the volume of the region
R(x,t;...) varies in a bounded set].

In the case that the tree-tree core is equal or
larger than the wind-tree hard core, the set of
tree configurations which trap a wind particle is
of zero measure and the wind particle will even-
tually escape from any finite region as ¢ - « ex-
cept for a zero-measure set of values ¢q,...,cN
and of wind initial coordinates x (this reason-
able statement has been proved only in the case of
spherically shaped trees and, in this case, is a
by-product of the proof of the ergodicity of a sys-
tem of hard spheres®*—25), Since we can expect on
physical grounds that the trapping or quasi-
trapping phenomena are negligible in the limit
t -, the system will approach equilibrium. How-
ever, a proof of this expected result is lacking,
but it seems possible that one could at least prove
that each term in (35) tends to zero if there is
no overlapping: This “almost” follows from the
fact that each term in (35) is uniformly bounded
and from the Sinai result®® mentioned above, and
it should be possible to fill the gaps of this argu-
ment without any new idea.

We conclude this section with a remark. We
observe that we have proved that, if the trees
can overlap, the system does not approach the
Gibbs distribution as { - «; however, we can ex-
pect that if one subtracts from J(¢) in (35) the
contribution J7 (f) from the tree configurations
which divide the space (as far as the wind parti-
cle originally at x is concerned) into two separate
regions, then J(t) - J7 (£) should tend to zero as
t - and so we can say that this function gives
the rate of approach to the asymmptotic “regime”
which differs from the Gibbs distribution by
Jr(t)exp[Bu - BT(x)] [see (31)]. We can even
expect, as in the case of nonoverlapping trees,
that the approach to the asymptotic regime is
described by a diffusion process.

7. BOLTZMANN LIMIT AND THE RELATED DIEFUSION PROCESS

In this section we analyze in some detail the limiting case in which the radius o of the trees (supposed,
to be definite, spherically shaped) tends to zero while the density » tends to infinity in such a way that
the mean free path X = (2rn0)! stays constant; we suppose also that the trees are a perfect gas (so n=2z)
and, for simplicity, that the dimension of the space is 2.

We shall study only the Green’s function G(p,r;¢) obtained averaging (32) over the possible directions of
the initial velocity p =Ipl# and we shall prove that the asymptotic form of G(p,T;¢) is given by

G(p,r;t) ~

=+

exp(-r2/D'pt)/aD’'pt for some D'>0, (36)
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FIG. 2. Change of variables from C1reesCpy to
ll""’lN+l; ﬁl,...,ﬁN.

i.e., the Green’s function G(p,r;t), through which one can express the time evolution of a distribution of
wind particles with a given velocity | 5 | but with the directions of the vector p equally distributed, is
asymptotically a diffusion kernel verifying an ordinary diffusion equation.
Instead of proving (36) we shall prove the equivalent statement?¢:
T e 1/2 1,02
lim fey r/(p1) G(p,r;t)dr = eD v*/4

{ -

for all vectors y . (37

Consider, in fact, the Nth contribution to G(p,r;¢) in (24). This term is expressed as an integral over
the positions ¢q,...,cp of N trees disposed in such a way to be hit by the wind particle leaving from the
origin with velocity p during the time interval £.

Divide this region into the union jly.jNle_ ..jn®), where Rj; ... jN(t) is defined as the set of con-
figurations cq***cy such that our wind particle hits, in the time ¢,¢; jj~times, ..., cyjy—times.

Let us now consider the contribution from the integration region R,,..., ,(#). It is very convenient to
change the variables cq,...,cy into the variables ll' eee,In415 B1y+o ., By defined in Fig. 2. The
Jacobian of this transformation is simply given by:

dcl-”dc <N+1

N _ N - il 418 Yoo (gink 1
N =06 .E)l 2 pt)dz1 le+1(sm231d261) (sin3 B, dzB), (38)

and if we write G(p, T';£) as the average over the directions of the initial velocity p of the function defined
in (32), the integral appearing in (37) becomes a series whose Nth term is given by:

N © N+1 21 N 27 o N+1 N+1_ )
(2z0) I dl,f I (sin%B.d%ﬁ.)f =8 2 l.-pt> exp< DY 1.-y/(pt>">
. 1 . i i 27 X i )

0 =1 0 i=1 0 i=1 7

% e-zV(R(x,t;cl, .. .,cN))ezno2

, (39)
where the extra integration d6/2m has been introduced in view of the fact that we have to consider the
average of (32) over the initial velocity directions and the vectors f, are the vectors represented by
arrows in Fig. 2. The integration region over 7y,...,IN,1; B1,+..,BN is subject to some further re-
strictions besides the ones indicated in (39), i.e., the values of !1,...,Ix5,1; B1,...,BN Which are
allowed must have the property that no tree can be found either intercepting the straight segments of the
broken line representing the trajectory in Fig. 2 or containing the starting point.

Now in the limit of vanishing size (0~ 0,70 =const) of the trees these further constraints disappear and,
furthermore,

N+1

. ! ! -

zV(R(x,t,cl,...,cN) A ‘E lj \"ipt, as o-0, (40)

Jj=1

where X =(2z0)-'=(2n0)~' is the mean free path (we have n =z because the gas of trees is supposed to be
perfect). So we find that the regions R, ..., (¢) contribute to G(p,T;t) as
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o N Aipt oN+1 2n 21 N N+1 - N N+1
2 (2n0)"e / II dlf II (sinz B; d3B,) Z) Y/ (pt)? 6 < 2z zi—pt).
N=0 i= = =

(41)
A priori this formula gives only a part of (37) since it comes from the consideration of R,, ..., ,(¢) only;
however, we realize that (41) gives the correct value of G(p,T;t) because we are considering the limiting
case 0~ 0,n0=const and the integrals coming from the regions

R, . ()
]1v°"v]N

with some of the j’s different from unity vanish in this limit.

Now to calculate (41) we first note that it can be interpreted as the average of exp[r - y/(pt)/?] over T
when the process describing the random variable r is the following “random flight” process: A particle
leaves the origin with a velocity p in a direction 8 with probability d6/27 and flies in the time ¢ a path of
length p¢ suffering N shocks with probability e=2~ Pt(x pt)N/N' and at each shock it is deviated by an
angle B with probability sinz 8 di8. The random flight problem has been investigated by several people
[see Ref. 26 for flights in which each step has a given length; for flights in which the length of each step
is distributed according to a given distribution®’; flights of the type in which we are interested have been
studied by Rayleigh?® and van Leeuwen and Weyland?® (but with sin3 8 dB replaced by dB/2w)], and apply-
ing their methods, in particular see Ref. 26, we find that (36) holds with D’ given by

DI=%}20'=%7\ (42)

and the calculation leading to this result is reported in the Appendix.
We remark that the value Dp of the diffusion coefficient, as given by (42), is the lowest-order expres-

sion for the diffusion coefficient already known by other methods?-2° and it is the exact expression for the
diffusion coefficient in our limit,

8. BOLTZMANN EQUATION

We conclude this paper by showing that in the limiting case considered in Sec. 7 the time evolution of
our system is rigorously described by the Boltzmann equation.®®

This property has been conjectured by several people and has a very clear physical meaning (see, for
instance, Grad®!) but it seems to have never been proved rigorously.

Let us consider only the two-dimensional case; in this case let us call 6 the angle between the unit
vector # in the direction of the velocity p and the x axis; in what follows we shall sometimes identify n
and 6.

Consider the Green’s functions G(6,r;¢) and G(G,;;t/eo,o) introduced in (32) and (33), respectively.
According to their physical meaning one expects that, in the Boltzmann limit, these functions verify the
Boltzmann equation which, for G(6,r;?), is easily seen to be [x = (2n0)~']:

8G(6,7;1)  ~ 8G (8,T;1) 21r - . 9'-06 ,de’
o =-nco= +AT f [G(s8’, )—G(e,r,t)]lsm 3 ]4
- BG( r t) 2m -
a3 +A7 f G(o',r |s1n ]——x 1G(e,r;t), (43)

and an analogous equation is expected to hold for G(6,r;¢/6,,0).
We give a proof of (43); the proof of the analogous equation for G(B,F;t/OO,O) is essentially the same.
Using the results and the notations of Sec. 7, the expression of (24) in our limit is

. e-x—lpt ‘N o N+1 N B. dB. N+l+ N+1
G6,T;8) = —5— 27 A [ < II dl.>(H sini—’>5( 2 1.-?)5( 2 l.-pt). (44)
T 1 j=1 2 4 j=1 7 i=1 i

So we recognize that the last term in (43) comes from the time derivative of exp(- A~!pt) whereas the
two other terms are found as follows: Consider the time der1vat1ve of the Nth term GN(G r;?) in (44)
and denote n, a unit vector in the direction of ; (therefore, #,=7= 6) then it is stralghtforward to go
through the following chain of equations:
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8GN(9,r;t)— if

at at

i=1 =1

fPf"Nu ff’t‘lm 17" 13 fzﬂ
x dr, dt (
0 Moo 2Jo

pt pt-ly 1 5 Pt-lN+1"'-13dl 2"(%’ P dBi)
B Ay 1 a5 2 ), \,2 SI3 3

Pt N+1 2m , N B. dBi
( I dl.)f ( II sin— —=
. i R 2
0 [

0 0 0 1
N+1 L R BGN 2T B dﬁl .
x5< Ez li(ni—n1)+ptn1—r)=—pn-TF——(9 r;t) + j(; sin—5= — -GN_1(8+Bl,r;t)

and now using this recurrence relation (43) follows immediately.

9. SUMMARY AND COMPARATIVE DISCUSSION
OF THE RESULTS

(i) The time-dependent correlation functions
describing the evolution of a certain class of ini-
tial states have been proved to exist and to be
analytic in the density of the trees (at small
enough density), and in spite of the fact that the
coefficients of their density expansions diverge
as ! -« the radius of convergence of these ex-
pansions does not shrink to zero at £ -,

(ii) The above-mentioned fact of the constance
of the radius of convergence leads us to believe
that there is the possibility of resumming the
divergent terms in a cutoff; in fact, we have
given a rigorous proof of the existence of this
resummation which has been explicitly exhibited.

We believe that the rigorous resummation ob-
tained in this paper is closely related to the
formal resummations demonstrated?®, 29,3233 py
using diagrammatic techniques based on the bi-
nary collision expansions, 3* However, our re-
sults seem to include a deeper resummation
process than the “resummation of the uncorre-
lated virtual collisions” used in the above-men-
tioned references because our expressions for
the Green’s functions contain only real collisions
and consequently the cutoff function is more

complicated.

It seems possible that, using our expressions
for the Green'’s functions as a starting point for
the investigation of the properties of the diffu-
sion coefficient, the divergence found in Ref. 3
in the case of overlapping square trees (and only
four possibilities for the directions of the wind
velocity) can be renormalized.

(iii) We have given two applications of the re-
summed series for the Green’s functions and
the correlation functions, i.e., we have proved
that, in the Boltzmann limit (i.e., vanishing size
of the trees but nonvanishing free path), the
approach to equilibrium is described by a diffu-
sion process of which we find the asymptotic
form and which we prove to verify exactly the
Boltzmann equation. As a second application we
have shown that equilibrium cannot be attained in
the case of overlapping trees.
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APPENDIX

Formula (41) can be written

D @no) ex(-2"\p0)r, (7,00
N=0

and the main problem is to find an expression for Iy (y,pt) as ¢~ ; we have
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o N+1 Zﬂde N+1 B. dB.\ N+1 N+1
IN(§,pt)=[ I dl.f 5—( II si >
0o j=1 7Jo T\,

—2]——4—]- II exp(l.ycosa.)b( 2 l.-pt) , (A2)
io1 1 -1 j PN T
where aj=6+81+°*+Bj-1. So, developing the exponential in powers, (A2) becomes
n; 751
, 21 4o (27 N+l B. dB\/N+1 N+ly/ Ly J-1 (cosa.)
- 2 B (S“‘?]T])( I ‘”-) I <(pf>vz ) T (A3)
nge+ony J0 j=1 j=1 771 -1
and using the formula
© N+1 N+1 s N+1 (pt)N+Z
/ II dlj II l]. ]'16< 2 l.‘Pf) -WE’Z—)H (nj-ll)’ (A4)
0 j=1 j=1 Jj= G 3-1"
we see that (A3) becomes
© N+k/2 2m N B. dB. +1
E %j}k 2 f ‘21—3( II Sin"‘z'l TJ> II (cosa )] (A5)
k=0 3;m; =k JO =1 =1
We now sketch the way to find I, (N) defined as
o B. dB. \N+1 "
Ik(N)z > ;:(H sin 3]—4—]> II (cosaz.)]1
3, =k JO j-1 j=1 J
dB B n
= 2 " do (cos8) Oi@sm—(cos(ﬂﬁ) A N(cosG+B.+---B )N (A6)
X 4 2 7 N ’
y.n.=k J0
P4
and after the change, 770=0,7)1— 6+B1,eee,Mpy =6 +++-+Bp, we find that
2k Ay 1 ap|. MM 1 Dy | N 1
Z oz Ik(N): 27 1-zcosn. 4 sin 2 1-zcosn, ~ —a |5 2 1
=0 0 0 M —Zcoshy
N
=(®,K"' &), (A7)
where the kernel K is defined as
1 1 . (nl—n)‘ 1
1 -2
Km'n) = 4 (1-zcosnt)? sin == (1 -zcosn)i/? (A8)
and & is the function

®(n) = [27(1 - zcosn)] /2 .

(A9)
Now we remark that if 1, (z) is the highest eigenvalue of K and &, is the corresponding eigenfunction, we
have [using (A7)]

0

D zklk(N)= r @)

{®,d )IZ as N-o; (A10)
0 0
1=0
so, writing ) (z) = 1+2% +2%(- - (A11)
note that only even powers of z appear in this expansion)

, it follows that
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N¥2R2 0,

as N— o,

if & is odd,

(A12)

if £ is even

[the fact that I,(N) is 0 when % is odd is directly verified from its definition (A6) by changing the coor-

dinates 7; into m; +7].
From Formula (A12) we see that

N +k

) -1 -1 0
2 (2na)Ne A ptIN(y,tp) =e ATp 2N (J%”ZT)!kaIN(Zk)
N=0 N=0 k=0
-t o-ipryY HE ~* 21 (yy? - 2
e m2e RT 5 a3 ) -ewns? (A13)
t=o k,N>0 * faoo ko0 P!
so we have found [cf. (36)] D'=4\y . (A14)

An elementary application of the perturbation theory to K gives the coefficient ¥ which turns out to be

o|w

y:

(A15)

The details of this calculation can be found in Ref. 26 where an essentially identical perturbation calcula-

tion is done,
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